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In these notes, we study non-substructural programming languages at a high level of abstraction: a language
is a second-order generalised algebraic theory (SOGAT). The syntax of such a language is its initial model, in
which there are only well-typed (intrinsic) terms quotiented by conversion, every operation is automatically
a congruence with respect to conversion and every operation is stable under substitution. These notes are
pedagogical excerpts of the papers [KX24, [BKS23|]. A more categorical treatment can be found in the upcoming
PhD thesis of Rafaél Bocquet.

Related ideas are higher-order abstract syntax [Hof99], logical frameworks [HHP93], two-level type theories
[ACKS23|, synthethic Tait computability [Ste22]. We will rely on being able to work informally in type theory
(informal Agda, Coq, Idris or Lean).

These notes can be formalised in the following metatheories: observational type theory, extensional type the-
ory with quotient inductive-inductive types and propositional extensionality, homotopy type theory, constructive
set theory.

Contents

[l Levels of abstractionl 4

|2 Derivability and admissibility in GAT's| 5
BT Monoldl . . . . . e e e e 5
2.2 Pointed set with endofunctionl . . . . . . . . .. ..o L 7
2.3 An expression language| . . . . . .. L 8
2.4 Simply typed combinator calculus| . . . . . ... oo 12
2.5 Other GATH . . . . . . e 15

3 erivability in S 15
3.1  Simply typed lambda calculus|. . . . . . . . . .. 16
................................................. 19
B3 TPCE . . o 21
[3.4 First-order logic|. . . . . . . . .. 21
3.5 olymorphism|. . . . . . . L 21
[B:6 Martin-Lof type Theory]. . . . . . o v v 22
[3.7 Theories of signatures for (SO)(G)ATS| . . . . . . . . .. .. 23

4 Converting SOGATSs into GAT's| 25
EITSTLC .« . o 25
4.2 The general translation| . . . . . . . . . . 27

[FAdmissibility in SOGATS| 32
5.1 Proots about closed syntactic terms|. . . . . . . . . .. L 32
9.2 Internal languages ot presheat models of MLTT| . . . . . . ... ... ... ... ... ..... 33
5.3 Proofs about open syntactic terms| . . . . . . .. Lo 33




level
exclude
quotient by going abstract going concrete
(5) well-typed quotiented syntax

operational equivalence normalise

(4) well-typed syntax

type checking

non-matching types

abstract binding tree

renaming of bound variables scope checking pick variable names

variable not in scope

(3) abstract syntax tree

removal of extra brackets parsing add brackets
bad number of parameters

(2) sequence of lexical elements

removal of spaces lexical analysis add spaces

invalid lexical elements
(1) string

Figure 1: Different levels of abstraction when defining a programming language and transformations between
levels. At more abstract levels, certain programs are excluded and others identified. Abstract binding trees are
sometimes called well-scoped syntax trees.



(5) well-typed quotiented syntax

Ty : Set
Tm : Ty = Set
Bool : Ty
Nat : Ty
( 5 ) true : Tm Bool
Zero  (num1) false : Tm Bool
ite : Tm Bool » Tm A » Tm A - Tm A
isZero (num 1 ) num . N = Tm Nat
isZero : Tm Nat -+ Tm Bool
e : Tm Nat -+ Tm Nat -+ Tm Nat
(4 ) isZero  (num1 ) itef; : ite trueu v = u
fisZero ( num 1 0) zer0 (mum 1 ) itefy : ite falseuv =v
isZerof; : isZero (num 0) = true
isZerofy : isZero (num (1+n)) = false
+B : numm + num n = num (m + n)
( 3 ) (4) well-typed syntax
isZero  (num1) Ty . Set
isZero ( num 1) Tm P Ty o Set
Bool : Ty
Nat Ty
true : Tm Bool
false : Tm Bool
ite : Tm Bool - Tm A » Tm A » Tm A
num : N = Tm Nat
isZero : Tm Nat - Tm Bool
fszero (num 1) e . Tm Nat » Tm Nat - Tm Nat

abstract syntax tree
Tm : Set

true : Tm

false : Tm
T ite : Tm =2 Tm » Tm =+ Tm
num : N = Tm
isZero : Tm =+ Tm
- A+ : Tm -+ Tm + Tm
list of the following lexical elements:
(, ), true, false, if, then, else, num, isZero, +,

(1) any string
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Figure 2: Left: example Razor programs at different levels of abstraction. Each bubble represents a separate
program. Right: description of the Razor expression language at levels (1)—(5).



1 Levels of abstraction

A language can be described in different ways ranging from concrete to abstract, see Figure [I} In this section,
we explain the different levels briefly via a simple expression language (Razor, see Subsection [2.3)). The following
example program can be written in Razor.

if isZero (num O + num 1) then false else isZero (num 0)

A Razor program is either a numeric or a boolean expression. Numbers can be formed using num i where i is a
natural number. Booleans are true or false. We have the usual if-then-else operator, addition and an isZero
operator which says whether a number is 0. The above program evaluates (runs) in the following steps (each
new line is a step).

if isZero (num O + num 1) then false else isZero (num 0)
if isZero (num 1) then false else isZero (num 0)

if false then false else isZero (num 0)

isZero (num 0)

true

Figure [2| gives complete descriptions of Razor at levels of abstraction (1)—(5):

(1) As a first approximation, a program is a string, that is, a sequence of (ASCII) characters. This is how we
write programs on a computer. Any string is a program. Many strings do not correspond to meaningful
programs in our language such as num 3 - num 2 as we don’t have subtraction. Also, there are different
strings which represent the same program. For example, isZero (num 1) and isZero (num 1) are
different as strings but should be the same programs as the extra spaces after isZero shouldn’t matter.
Instead of describing which strings are meaningful programs and defining an equivalence relation for
identifying strings that represent the same program, we will describe programs using a more abstract
structure.

(2) The more abstract structure is list of lexical elements. Now we have much fewer programs and num 3 - num
is not a program anymore because there is no lexical element for -. Any two programs given as strings
which differ only in the number of spaces will end up as the same program at this level: isZero (num 1)
and isZero (num 1) are both given by the sequence [isZero, (, num, 1, )]. However, we still have mean-
ingless programs, e.g. [(, true] (there is no closing parenthesis) or [num, 1, +] (+ needs two arguments),
and so on. Also, there are programs which could be identified, e.g. [(, true, )] and [true] (the parentheses
are redundant in the former). Again, to solve these issues, we move to a higher-level representation of
programs. Note that there are standard ways to navigate between levels (1) and (2): (2) to (1) is printing.
(1) to (2) is performed by a lexical analyser (lexer) which turns a string into a sequence of lexical elements
or returns an error.

(3) Abstract syntax tree descriptions are usually given by BNF grammars. At this level, we only have well-
parenthesised expressions and each operator receives the correct number of arguments. Programs are now
trees which have true, false or num i at their leaves and they can have ternary branching with ite at
the branching node, unary branching with isZero at the node or binary branching with + at the node.

(4) In well-typed (intrinsic) syntax trees, the types of the arguments are restricted to the correct ones.
(5) In well-typed quotiented syntax, two programs which have the same result are identified.

Abstract binding trees are not relevant for Razor as there are no variables.

The extrinsic approach moves to more abstract levels by defining relations which select the well-formed (well-
scoped, well-typed, etc) expressions in the concrete representation. In contrast, we use the intrinsic approach
where in the more abstract representation the non-well-formed expressions are not even expressible. At level (5),
there is no need to prove that conversion preserves typing (“preservation” from “progress and preservation”)
because the equations are already expressed in a typed way. Certain properties of the language cannot be
expressed at the abstract levels. For example it is not possible to count the number of brackets in a program
at level (3). At level (6), it is not possible to reason about program efficiency because all convertible programs
are in the same equivalence class: we cannot write a function which distinguishes convertible programs. We
view the lower levels as important parts of a programming language, but we see them as intermediate technical
steps to reach the most abstract level which describes the essence of the language.

In these notes, we will use the most abstract level to describe languages.



2 Derivability and admissibility in GATSs

As a warmup, we review how languages without binders can be seen as generalised algebraic theories (GATS).
The goal of this section is to familiarise the reader with the following concepts: model, derivability, morphism,
dependent model, dependent morphism, syntax, induction, iteration, admissibility, logical consistency, equa-
tional consistency, normal forms, normalisation. These concepts are specific to the particular GAT, and we
show what they are for different example GATs. By the end of this section, the reader should be able to
formulate them for any GAT (except normal forms which only exist for certain languages).

2.1 Monoid

We start with a well-known algebraic theory (AT): monoids. A model of the theory of monoid is also called a
monoid algebra or simply monoid.

Definition 1 (Monoid). A monoid model comprises the following components:

C : Set
---—:C->C->C

ass x-(y-2)=(x-y)-z
u :C

idl cu-x=x

idr :x-u=ux

A model contains one carrier set (sort), two operations (one binary and one nullary) which satisfy three
equations.
Example models (the equations also hold, but we don’t write their proofs):

C =N C =N C  ={x} C = {tt,ff}
X-y:=x+y X-y:i=Xx%Yy X-yi==x X-Y:i=XxAYy
u =0 u =1 u =% u = tt

Exercise 2. Prove the equations for the above four monoids. Define all the monoids with sort {tt,ff}. Define
the following monoids: strings with concatenation, square matrices with multiplication, A — A functions with
composition, subsets of A with intersection/union.

Non-examples: C is the empty set, C = N with exponentiation, C = Z with subtraction. We give names to
the models and refer to their components via subscript. E.g. if we call the above first model M, then Cy; = N,
x-my=x+yand uy =0.

A derivable operation is one that is defined for any model, for example dup (x : C) : C:=x-x. A derivable
equation is one that holds in any model, for example (u - u) - u = u which is derived by

(u-u)-u'gru-u'dzlu.
In a proof assistant, we can define derivable operations and equations by assuming a model as a module
parameter / postulate / axiom / variable, and only using this when defining the operation or proving the
equation. Then we can specialise the derivable things to particular models, for the above M, we have dup,, 3 =
3Mm3=3+3=06and (UM ‘M UM) ‘M Up = (0+0)+O:O+O:0= ups.

A morphism (or homomorphism) between models is a function between the carriers that preserves the
operations, precisely a morphism from M to N comprises the following components:

C :Cy —» Cy
——(xy:Cy) > Cx-py)=Cx-nyCy
u :Cupy =upy

Note that there are no components corresponding to the equations (this only changes when the GAT has sort
equations).

Exercise 3. Define all the morphisms between any pair of models from the above four examples.



A dependent model (displayed model, motive and methods of the induction principle) over a model M has
the same number of components as a model, and is dependent over them, that is:

C : Cpy — Set
—-—:Cxp > Cym = Cxpr -m ym)
ass :x-(y-z)=(x-y)-z

u : Cupy

idl su-x=x

idr :x-u=x

Here we used (the somewhat extreme) notation where metavariables have subscripts. — - — has two implicit
arguments xps and yps, both in Cps (the equations ass, idl, idr in the notion of model also had implicit arguments).
Note that ass also depends on assps: we have x : Cxpr, y @ Cypy, z @ Czpyy and the left hand side x - (y - z) is
in C(xpr M Om M 2m)), the right hand side is in C ((xps *ar Ym) ‘M 2m). These sets are equal by assp;. The
situation is similar for idl, idr. Examples where M = (N, +,0):

Cn :=VecNn C_ ={x}
X-y:=x+4y X-y ==
u =] u ==

Exercise 4. Any model can be turned into a dependent model where we ignore the dependency.

Exercise 5. Any dependent model D over M can be turned into a model together with a morphism into M.
The carrier will be (xpr : Cpr) X Cpxpr (a dependent Descartes-product, or E-type in the metatheory).

A dependent morphism (section) from a model M to a dependent model D over M is like a homomorphism,
but the function is dependent:

C :(x:Cy)—>Cpx
——1(xy:Cy) > Clxpy)=Cx-pCy

u :Cupy =up

The syntax is a model from which there is a dependent moprhism into any dependent model (the dependent
model has to be over the syntax for this to make sense). We denote the syntax by | (for initial model). The
function which takes a dependent model over the syntax and returns the dependent morphism is called induction
(also called (dependent) eliminator, universal property).

Exercise 6. Show that there is a syntax for monoids (hint: the carrier is a particularly simple set).
Exercise 7. Show that that for a given model M, the following two are equivalent:

e there is a dependent morphism into any model over M,

e there is a unique homomorphism from M into any model (initiality).

Dependent models and morphisms were introduced in order to specify syntax and induction. Special cases of
induction are iteration (fold, catamorphism, non-dependent eliminator, interpreter) and recursion (sometimes
also called non-dependent eliminator). The syntax has iteration, which means that for any model M, there
is a morphism from | to M. Recursion is the special case of induction where the C; — Set component in the
dependent model is a constant function.

Exercise 8. There is an identity morphism from any model to itself. Morphisms can be composed. An isomor-
phism between models M and N (denoted M = N) comprises morphisms M — N and N — M such that there
composites are the identity morphisms. Show that any two syntaxes are isomorphic.

An admissible operation / equation is one that can be defined / proven for the syntax via induction. For
the syntax of monoids, we prove that for any x : C; (note that | is the syntax), x = uj by defining the following
dependent model over I:

Cx =(x=u)

’ idl
(e:x=u)-(e:x =u):xqx Zux Euqu =y

u U =4



Via induction, we obtain a function (x : C;) — Cx which is the same as (x : C}) = x = u;. We say that x = u is
an admissible equation, but it is not derivable.

For monoids we were able to define the synta in an ad-hoc way (Exercise @, but there is a generic way to
construct the syntax which works for any algebraic theory. For monoids, we first try to define C; as the set of

/N /N

binary trees where the binary branching nodes denote | and the leaves denote u. The trees / \ and / \
/\ /\
S uoo-
/\ /\

denote (u-u)-u and u- (u-u), respectively. Actually, we like to draw them as Y Y and Y Y to make
the connection between the operations and the nodes / leaves of the tree explicit. This definition of C; however

/\
does not suffice. We cannot prove e.g. that the tree Y Y and the tree which only contains the leaf u are
equal, so we cannot provide the component idl;. We solve this by quotienting the set of binary trees by the three

equations ass, idl and idr, that is, the trees which have the following shapes will be identified (where a triangle

denotes any tree):
= A GRVA
We call these quotiented trees syntax trees (we could call them quotiented syntax trees — however we can consider
the language of monoids without equations, and the syntax for that language provides the unquotiented monoid
syntax trees). One can prove that the model defined like this is a syntax, that is, it has induction. However, we
don’t do this, we simply assume that there is a syntax (which just means a model with induction). For a generic
construction of syntaxes, see e.g. [KKA19]. In a type theory with support for quotient inductive sets (quotient
inductive types), one can define the syntax of monoids as the quotient inductive set with two point-constructors

(= - —, u) and three equality (path) constructors (ass, idl and idr). The dependent eliminator for this quotient
inductive set exactly says that this model has induction.

2.2 Pointed set with endofunction
This language is particularly simple, it does not have equations.

Definition 9 (PSE). A model comprises the following components:

N : Set
z :N
s :N—>N

A derivable function is e.g. sss(n : N) : N :=s(s(sn)). There are no interesting derivable equations.

The syntax is (N, 0,+1), a dependent model over this contains N : N — Set, z: N0 and s: Nn — N (1 +n).
Induction for (N,0,+1) thus says the usual notion of induction: given a (proof-relevant) predicate which holds
for 0 and which preserves successor, the predicate holds for all natural numbers. Hence | is the natural numbers.
The fact that natural numbers form an exponential semiring is admissible for the language PSE:

Exercise 10. Define the admissible operations of addition, multiplication, exponentiation. Prove the admissible
equations associativity of addition, left and right identity, commutativity, etc.

Exercise 11. Show via induction that 0 # 1+ n and that +1 is injective.

When we draw syntax trees, they are just unary branching, like s (s (sz)):

N—O»n—u0n—Wun

Exercise 12. Show that induction is equivalent to initiality.



2.3 An expression language

The following is a simple expression language which is not algebraic, but generalised algebraic. There are two
sorts, and the second one is indexed over the first 0neE| We call the language Razor following [Hut23].

Definition 13 (Razor). A model comprises the following components:

Ty : Set

Tm : Ty — Set

Bool : Ty

Nat : Ty

true : Tm Bool

false : Tm Bool

ite :TmBool > TmA —>TmA - TmA
num :N — Tm Nat

-+ - :TmNat — TmNat — Tm Nat
isZero : Tm Nat — Tm Bool

ite1 Ditetrueuv =u

iteBs citefalseuv =v

+B :numm+numn = num (m + n)

isZeroB : isZero (num () = true

isZerofs : isZero (num (1 +n)) = false

We call elements of Ty types and elements of Tm A terms of type A. There is no single set of terms, instead
for each type, there is a separate set of terms of that type. Each operation is typed: their input types and
output type is restricted. The operation ite has one implicit type argument A and its first explicit argument
needs to have type Bool, while the second and third explicit arguments need to have (the same) type A.

The derivable operations can be seen as programs that can be defined in this language, e.g. not (b : Tm Bool) :

Tm Bool := ite b falsetrue. The equations explain how to run the programs, e.g. nottrue = ite true false true b

false. Another example:

(num 1+ num2) + (num 3+ num4) =(+8)
(num (14+2)) + (num3+num4) =

num 3 + (num 3 + num 4) =(+p)
num 3+ num (3 +4) =
num 3 +num?7 =(+p)
num (3+47) =
num 10

Note that in the expression num (1 + 2), the + refers to the metatheoretic addition, while in num 1 + num 2 the
+ refers to object theoretic addition.
The standard (metacircular, set) model of Razor is where types are sets (metatheoretic types) and terms

LCertain such GATs can be reduced to ATs by replacing the Ty-indexing with a function from Tm to Ty. For Razor, this is not
the case because after such a reduction, the ite operation becomes partial. The resulting theory is called an essentially algebraic
theory (EAT). EATs are another extension of algebraic theories. GATs and EATSs are equivalent in the sense that for each GAT,
there is an EAT with an equivalent category of models, and for each EAT, there is a GAT with an equivalent category of models.



are elements of the sets (metatheoretic terms):

Ty := Set

TmA ==A

Bool  := {tt,ff}

Nat S\

true = tt

false  :=ff

itebt f :=matchb {tt — t;ff > f}
numn :=n

u+v = u+v

isZerou := matchu {0 — tt; (1 +n) — ff}

We do not write metatheoretic universe levels, hence informally Set : Set, but formally types in the standard
model are a large metatheoretic type (they are in Set;). In the definition of ite and isZero we used pattern
matching on elements of metatheoretic booleans {tt, ff}. In the standard model, all equations hold by reflexivity,
as they hold definitionally in the metatheory.

Exercise 14. If in any model, true = false, then for any A and u,v : Tm A, we have u = v.
Exercise 15. If in any model, numO0 = num 1, then for any A and u,v : Tm A, we have u = v.
Exercise 16. There is a model where num 1 = num 2, but true # false.
Exercise 17. There is a model where Tm Bool has three elements (nonstandard model).
A morphism M — N contains two functions, one for types and one for terms. The latter refers to the former:
Ty Tyy = Tyn
Tm  :Tmy Ay — Tmy (Ty Ay)
Bool : TyBooly, = Booly
Nat : Ty Natp, = Naty

true : Tmtruey = truey

false : Tmfalsey, = falsen

ite 2 (bp - Tmpy Boolpy) (tar far - Tmpg A) — T (iteps bpg tar far) = itey (Tmbpy) (Tmitpy) (Tm for)
num : (n:N) - Tm (numy n) =numpyn

—+ — :(upp vy s Tmpys Natpy) = Tm (ups +p vr) = Tmup +y Tmvy,

isZero : (ups : Tmpy Natps) — Tm (isZerops upg) = isZeroy (Tmuyy)

The equality true depends on the equality Bool as its left hand side is in Tmpy (Ty Boolys), while the right hand
side is in Tmy Booly. The situation is similar for other term equations.

Theorem 18. Razor is logically inconsistent, that is, every sort has an element.
Proof. Ty, has an element Bool;, Tm| Bool| has an element true;, Tm; Nat, has an element num 0. O

Theorem 19. Razor is equationally consistent, that is, not all terms are equal, that is, there is a type A, and
terms a,a’ : Tm A, such that a # a’.

Proof. We choose A| := Bool| and a := true; and a’ := false, then assuming a = a@’, their interpretations into the
standard models are also equal, hence tt = ff. o

Iteration into the standard model can be called normalisation (recall that this is a morphism from | to the
standard model). Normal forms are given by the Ty component of iteration which we rename to Nf, and we
omit the names of the equations; this looks like a pattern-matching definition:

Nf : Ty, — Set
Nf Bool; = {tt, ff}
NfTy, =N



The Tm component of the iteration morphism gives the normalisation function, we rename it to norm, its
computation rules are the components of the morphism for the term operators:

norm : Tm; A} — Nf A

norm true; =tt

norm false = ff

norm (ite) b t; fi) = match (norm b)) {tt — norm#; ff — norm fi}
norm (num;n) =n

norm (u; +,v|) = normu; + normy,

norm (isZeroj u;) = match (normuy) {0 — tt; (1 +n) — ff}

A dependent model over a model M comprises the following components:

Ty : Ty, — Set

Tm A{Aym : Tyy = Ty Ay — Tmypy Ay — Set

Bool : Ty Boolys

Nat : Ty Naty,

true : Tm {Bool,,;} Bool truey,

false : Tm {Bool,, } Bool falseys

ite : TmBoolby - TmAty > TmA foy > TmA (iteps bas ty fmr)
num : (n:N) — TmNat (numyy n)

—+—  :TmNatupy — TmNatvy — TmNat (up +ap V)

isZero : TmNatuy — TmBool (isZerops upy)

itef1 itetrueuv =u
ites sitefalseuv =v
+8 :numm +numn = num (m + n)

isZerof; : isZero (num Q) = true
isZerof3y : isZero (num (1 + n)) = false
Note that the equations in the dependent model depend on the corresponding equations in M. For example,
the left hand side of iteB; is in Tm {Aps} A (iteps trueps ups var), while the right hand side is in Tm {Ap} Aupy.
The syntax supports induction, which means that there is the following dependent morphism from the syntax
to a dependent model D over it:
Ty (A= Ty) = Typ A
Tm  :(a: TmA) - Tmp (Ty A) a
Bool : TyBool, = Boolp
Nat : TyNat; = Natp
true : Tmtrue = truep
false : Tmfalse; = falsep
ite (b : TmBool))(# fi : Tmy A)) = Tm (ite; by 1) fi) = itep (Tm b)) (Tmz) (Tm f)
num : (n:N) - Tm (numn) = numpn
—+— (v : TmyNat) » Tm (uy + v)) = Tmu; +p Tmy,
isZero : (u) : TmyNat)) — Tm (isZeroju;) = isZerop (Tmuy)
We define a dependent model where the term components are trivial (we don’t list them):
TyA :=NfA — Tm 4
TmAa =1

Bool : Nf Boolj — Tm, Bool,
————
={tt,ff}

Bool b := match b {tt > truey; ff > false }

Nat : Nf Nat; — Tm, Nat,
———
=N

Natn :=numin

10



Induction into this dependent model provides us with a quote function which maps normal forms back into
syntactic terms:

quote : (A : Ty;) = Nf A —» Tm| A
quote Bool; b = match b {tt > true,; ff > false;}
quote Nat; n = numn

Completeness of normalisation says that for any a; : Tm; A, quote A; (norma;) = a;. We prove this by
constructing another dependent model over | where the Ty component is trivial:

Ty A, =1

Tm{A} *a, := (quote A (norm a)) = a;)

true : quote Bool| (norm true)) = quote Bool| tt = match tt {tt > truey; ff > false|} = true
false : quote Bool| (norm false|) = quote Bool| ff = match ff {tt > true; ff - false|} = false,

ite (ep : quote Boolj (norm b)) = by)(e; : quote Aj (normt|) = #1)(e s : quote Aj (norm fj) = fj)
: quote A (norm (ite; by 1y fi))

quote A; (match (norm b)) {tt — norm ¢,; ff — norm fi}) =(norm b = tt)
quote A (match tt {tt > norm ¢; ff — norm f}) =

quote A| (norm ) =(itef1))

ite truey (quote A (norm¢))) (quote A; (norm f;)) =

ite; (match tt {tt > truey; ff > false }) (quote A (norm¢))) (quote A; (norm f;)) =(norm b| = tt)
ite; (match (norm b)) {tt + true; ff — false;}) (quote A; (norm 1)) (quote A (norm £;)) =

ite; (quote Bool, (norm b))) (quote A| (norm #})) (quote A; (norm f;)) =(ep, ey, ey5)
ite) b1 1 fi

As terms in this dependent model are equations between elements of Tmj A, for some A;, we don’t have to
provide the equation components (Tm; A is a set in the sense of homotopy type theory, it has uniqueness of
identity proofs).

Exercise 20. Finish defining the dependent model: write the case norm by = ff for ite and define the components
num, —+ —, isZero.

Exercise 21. Merge quote and completeness, so that they both are parts of induction into a single dependent
model.

Exercise 22. Prove stability: that is, given a normal form, if we quote it and then normalise it, we get
back the same normal form. In summary, normalisation with completeness and stability says that there is an
isomorphism between the sets Tmy Ay and Nf A,.

In general, normal forms are a complete representation of the syntax where equality is easily decidable
(for example, they are given by an inductive definition, that is, the syntax of a GAT without equations).
Decidable equality of normal forms implies decidable equality of terms by completeness: given aj,a)” : Tm Aj,
if e : norma; = norma,’ then

completeness completeness

a quote (norm a;) = quote (norma;”) a,

and given norma; # norma,’, from a; = a,’, by congruence we get norma; = norma,’. Stability is not needed for
decidability of equality of the syntax, but it is useful to obtain a new induction principle for the syntax: one
can prove things about the syntax by induction on normal forms.

Notation 23 (Derivation rules). Elements of the syntaz can be depicted by syntaz trees, but then the well-
ite

typedness of the tree is not immediately visible, it is not enforced by the drawing that the tree true num1 false
does not make sense. Instead, we first describe the notion of model using derivation rule notation which means
that we uncurry all the operators, give names to the arguments and in each operator, we replace the remaining
— with a horizontal line:

A:Ty
Ty : Set Tm A : Set Bool : Ty Nat: Ty true : Tm Bool false : Tm Bool

11



b : Tm Bool t:TmA f:TmA n:N u : TmNat v : TmNat u : Tm Bool

itebtf:TmA numn : Tm Nat u+v: TmNat isZerou : Tm Bool
itef : itetrueuv =u itefy : itefalseuv =v +B :numm +numn = num (m + n)
isZerofy : isZero (num0) = true isZerofs : isZero (num (1 + n)) = false

Just as in the algebraic notation we have implicit arguments, for example A : Ty is not written above the line
for ite, but we assume it is (implicitly) there.

Notation 24 (Derivation trees). Derivation trees are like upside-down syntax trees where at the nodes the full
term and its set are both written; the children are subterms just as before. Example:

num1: TmNat
isZero (num 1) : Tm Bool true : Tm Bool false : Tm Bool

ite (isZero (num 1)) true false : Tm Bool

Each horizontal line in the derivation tree is a special case of one of the derivation rules.
It is clear that the following tree cannot be finished:

777

true : Tm Bool num1 : Tm Nat false : Tm Nat
itetrue (num 1) false : Tm Nat

Exercise 25. Show that induction is equivalent to initiality.

2.4 Simply typed combinator calculus

Using Moses Schonfinkel’s K and S combinators [Sch24], higher order functions can be described without
variables ]

Definition 26 (STCC). A model comprises the following components:

Ty : Set
Tm : Ty — Set
L : Ty

-= i Ty->Ty—>Ty

—+—= :Tm(A=>B)—>TmA=TmB
:Tm(A=> B= A)

S :TmMm((A=B=C)=(A=>B)=A=0C)

KB :K-a-b=a

SB :S-f-ga=f-a-(g-a)

We added one base type so that the syntax is not empty. Note that — - — and K have two, S has three
implicit arguments. — = — is right-associative, application — - — is left-associative.

Exercise 27. Derive the following combinators, their expected definitional behaviour is specified on the right:

Il :Tm(A=A) l-a=a
B:Tm((B=>C)=>(A=B)=A=0C) B-f-g-a=f-(g-a)
C:Tm(A=>B=>C)=B=>A=C(C) C-f-b-a=f-a-b

Exercise 28. Define the standard model where Ty = Set, Tm A = A. The interpretation of ¢ is a parameter of
the standard model.

Theorem 29. STCC is logically consistent, that is, there is a type Ay such that Tmy A; is empty.
Proof. Interpretating Tm ¢ into the standard model with ¢ = 0 gives an element of 0. m]

Theorem 30. STCC is equationally consistent, that is, not all terms are equal, that is, there is a type A, and
terms a,a’ : Tm A, such that a # a’.

21t is remarkable that Schonfinkel’s untyped combinator calculus is still the simplest Turing complete language, even though it
was the first such. Note that in contrast with STCC, untyped combinator calculus does not have normalisation.

12



Proof. We choose A := (y =) ¢ = y) and a := lam; Ax;. lam Ay;. x; and a’ := lam; Ax|. lam Ay,. y;. We interpret
both a and a’ into the standard model with ¢ = 2, then asssuming a = a’, their interpetations are also equal, so
we get (Axy.x) = (Axy.y), and from this we get tt = (Ax y.x) ttff = (Ax y. y) ttff = ff. O

In the syntax of STCC, types are binary trees (nodes are =, leaves are ¢). If we ignore types, terms are
boolean-labelled binary trees quotiented by the following equations:

RN N

7\ /N _ /\AA/\A
K/\ = s/\ I\ Ju\ Jg\ [u
AA /\ A /A

If we don’t ignore types, then we can only build a node if the left hand subtree is in Tm (A = B) for some A, B,
and the right hand subtree is in Tm A for the same A. Again, this is encforced by derivation trees, for example:

S Tm(t=2t=)=2)=2((t21=1) 21=1)) K:Tm(t= (=01 =01
S-K:Tm(t=1t=>10) 21> 0) K:Tm(=1t=0)
S-K-K:Tm(=0)

Note that we didn’t write implicit arguments. The two Ks on the right hand side of the tree are different: there
SK{}{}: Tm(G=t=2)and K{}{i=¢: Tm(t= (=1 =1).

Exercise 31. What is a nice minimal presyntax (untyped AST description) for STCC where types can be always
inferred? That is, which implicit arguments have to be written explicitly?

What are the normal forms for the syntax of STCC? We give an inductive description of the expressions
where KB and SB cannot be applied because K and S does not have enough arguments:

Definition 32 (STCC normal forms). A normal form model comprises the following:

Nf : (A : Ty;)) > Tm A — Set

Ko : Nf (A; = Bi = A) K|

Ky :NfAja) — Nf (B =1 A) (K- a))

So :Nf((Ai=1Bi=1C)=1 (Ai=1B)=1A=1C) S

S1 :Nf (A =B =1C) fi » Nf (A= B) =1 A= C) (S1 1 /i)

So :Nf (A= Bi=1C) fi > Nf(A = B)g = N (A =C) S+ fi18)

These normal forms are indexed not only by their syntactic type, but also by the term they correspond to
(the result of quote).

Exercise 33. Show that equality is decidable in the syntax of normal forms (this relies on equality of syntactic
types). The nicest way is to do double-induction on normal forms to prove decidability of equality of the total
space of normal forms, that is, the set (A;: Ty)) X (a; : Tmj A)) X Nf| A a).

A dependent model over | comprises the following components:

Ty : Ty, — Set
Tm : TyA) —» Tm A} — Set
L :Tyy

-=—:TyA > TyB - Ty (A = B)

—— Tm(A=>B)fi->TmAa = TmB(fia)
K :Tm(A= B= A)K,

S :Tm(A=>B=>C)=(A=>B)=>A=0)S
Kg :K-a-b=a

SB :S-f-gra=f-a-(g-a)

13



Given a dependent model D over |, a section comprises the following:

Ty (A : Ty = Typ A
Tm s(ar: Tmya A) » Tmp (Ty A) a
L :Tyu=1tp

= (AB:Ty) > Ty(Ai=1B)=TyA =p Ty B
—= (i Tm (A =1B))(a : TmA) =Tm(fina)=Tmfi-p Tma
K :Tm K| = KD
S :Tm S| = SD
We use Tait’s method [Tai67] (also called logical predicate or reducibility method) to prove normalisation for
STCC. We define a dependent model over | where types are a proof-relevant predicate over terms together with
a reify function, and terms are witnesses of the predicate. The predicate for ¢ is constant false. The predicate

for a function says that if the predicate holds for an input, it also holds for the output, and the function is in
normal form.

Ty A :=(Ps: Tmj A — Set) x ({a| :Tmi A} = Paa — Nf A a|)

Tm (PA,I"A)m = PAa|

L :=(A_.0,Ab. match b {})

(PA,’"A) - (PB,VB) = (/lﬁ ({a. : Tm, A|} — Pjqa) — Pp (f| ‘| a|)) X NfA| f,/l(pf,nf).nf)
(py.ng) - Pa =DfPa

K{Pa.ra}{Ps. 75} = (Pa- (b pas Ki (ra @), Ko

S{Pa,ra}{Pp,rg}{Pc,rc} = (/l(l’f”’lf)- (A(pgsng). (Apa- (P pa)1 (Pg Pa).S2nyng), St nf),So)

Equations KB and SB hold by definition. When defining K and S, we implicitly made use of KB, and Sg,
respectively. By induction into this model we obtain the predicate for each type, the reify function for each
type and the witness of the predicate for each term:

P: (A :Ty) > Tm A — Set
r: (A Typ{ar: Tm A} > PAja) — NfA g
p:(a:TmA) - PAa
We put these together to obtain normalisation:
norm (a;: TmjA) :=rAa (pa)

Note that in the normalisation dependent model, we only assumed an STCC normal form model, we did not
rely on it being syntax. However, if it is the syntax of STCC normal forms, we can do the following;:

Exercise 34. Via normalisation, show decidability of equality for syntactic STCC terms.
We were quite clever when coming up with the notion of normal forms. We don’t need to be clever:

Exercise 35. Show that the syntax of STCC without equations also suffices for normalisation and decidability
of equality of (quotiented) STCC syntax.

Exercise 36. Intuitionistic logic with only implication as a connective is the same as STCC where we don’t
care about equations, a model is the following:

For  : Set

Pf : Pf — Set

irr :(aad :PfA) s a=d

L : For

- D —: For — For — For

- :Pf(A>B) - PfA=PfB

K :Pf(ADBD>A)

S :Pf((ADBD>C)D(ADB)DADC(C)

Define normal forms as a proof-irrelevant predicate on Pfy and show normalisation. Analysing the shape of
normal forms, show that Peirce’s law is not provable.

Food for thought 37. Extend this logic with true, false, conjunction, disjunction, and show via normalisation
that the law of excluded middle is not derivable.
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2.5 Other GATs

See [KKA19] for an algorithm which derives the notion of model, morphism, dependent model, dependent
morphism from any GAT signature. Models and morphisms organise into a category (morphisms can be
composed, composition is associative, etc), dependent models and dependent morphisms form a family structure
over this category, together they produce a category with family (CwF). CwF is a model of type theory without
any type formers. For any GAT, this CwF supports Z, T, extensional equality types, booleans and quotient
types (the category is finitely complete and cocomplete). We will discuss CwFs in Section

Classes of inductive sets (meta-types) and classes of algebraic theories roughly correspond to each other.
Inductive sets are initial models (syntaxes) for some algebraic theory, algebraic theories determine classes of
algebras for some inductive types. The correspondence:

single sorted algebraic theory without equations simple inductive type (W-type)

multi sorted algebraic theory without equations mutually defined inductive types (indexed W-type)
single sorted algebraic theory quotient inductive type (QIT, QW-type)
generalised algebraic theory without equations inductive inductive type (IIT)

generalised algebraic theory (GAT) quotient inductive inductive type (QIIT)

higher generalised algebraic theory higher inductive inductive type (HIIT)

However algebraic theories are more fine-grained: for example, as inductive types List A and the free monoid
over A are equivalent (Exercise , but as algebraic theories, the latter has a larger category of models. The sit-
uation is similar between the lambda calculus and combinatory calculus [AKSV23]. Mutual inductive types can
be reduced to indexed inductive types [KvR20] which can again be reduced to simple inductive types [Kapl9],
but this is not the case for the corresponding classes of algebraic theories.

Exercise 38. A model of monoid over A is a model of monoid with an extra operation A — C. For an A : Set,
a A-nil-cons model comprises the following:

L : Set
nil :L
cons:A—->L—L

Show that the syntaz of A-nil-cons (also called List A) gives rise to a syntax of monoid over A (the syntax of
monoid over A is also called the free monoid over A). Show normalisation for monoids over A where normal
forms are List A.

Definition 39 (Preorder).

Ob  :Set

Mor : Ob — Ob — Set
—o—-:MorJI —- MorKJ — MorK I
id :Mor 1

irr  :(fg:MorJI) > f=¢g

Exercise 40. Category is a GAT. Define morphisms, dependent models, dependent morphisms. What is the
simplest definition of syntax? Now do the same for cartesian closed category.

Normal forms and normalisation cannot be defined for arbitrary GATs. For example, in the syntax of
untyped combinator calculus, equality is undecidable, hence it does not have normalisation.

3 Derivability in SOGATsSs

Second-order GATs (SOGATS) allow second-order operations. Second-order operations are also called binders.
In this section, we define several languages with binders as SOGATS, and show how to define derivable operations
and prove derivable equations in second-order models. The phrase “second-order” is a negative qualifier: second-
order algebraic theories are not really algebraic (this is like illiberal democracy or people’s democracy, which
are not really democracies). For example, there is no good notion of morphism between second-order models.
However, for derivability, second-order models are good enough. We will treat this problem in Section [4]
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3.1 Simply typed lambda calculus

Definition 41 (Simply typed lambda calculus, STLC). A second-order model of STLC comprises the following
components:

Ty : Set
Tm : Ty — Set
L : Ty

-= i Ty->Ty—>Ty
lam :(TmA—>TmB) > Tm (A = B)
—+—= :Tm(A=B)—>TmA > TmB

B slamb-a=ba
n cf=lamAx. f-x
The operators lam and — - — take implicit arguments, A and B. E.g. the explicit type of lam is {A : Ty}{B:

Ty} > (TmA —- TmB) - Tm(A = B). All the arguments of the equations 8 and n are implicit. E.g. the
explicit type of Bis {A : TyH{B : TyH{b: TmA - TmB}{a: TmA} - (—- —){A}B} (lam{A}{B}b)a = ba.
Note that in the equation 7, f has to be in Tm (A = B) for some A and B for the equation to make sense.

The operation lam is second-order (also called a binder): its third input (after the two implicit inputs A, B)
is a function.

Notation 42 (Isomorphism). The last four lines can be written more consisely:
lam: (TmA > TmB)=Tm(A=>B): — -

We say that the sets (TmA — TmB) and Tm (A = B) are isomorphic. We write the maps on the two sides of
= the notation in general is

(f:X=Y:g) = ([ X>V)x(g: Y >X)x((x:X) > g(fx)=x)x((y:¥) > f(gy) =)

Derivability is programming: we can program in a SOGAT by postulating a second-order model in Agda or
Coq and combining the components to build new programs. We can run the programs by proving (deriving)
equalities between them.

Example 43. In any second-order model of STLC, we define the identity function on ¢ by lam {¢}{¢} (Ax.x),
which is in Tm (¢ = ). Note the difference between the object theory lam and meta A. Actually, we can define
the identity function on any type using meta quantification:

AA. lam {A}{A} (Ax.x) : (A: Ty) > Tm (A = A).
We compute (run the programs) in a second-order model deriving equalities. E.g. given u : Tmt we argue

(Iam (/lxx)) U g (/lx.x) " meta functio:n application

This seems like cheating: we avoided writing substitution by pushing it into the metatheory. But this is OK,
we do not want to fully bootstrap STLC, we just want to define it. In the metatheory we of course assume
(higher-order) functions, function application, its B rule, and so on.

Notation 44 (Derivation rules for SOGATSs). Similarly to GATs, the derivation rule notation uses uncurried
function space, named parameters and horizontal lines instead of the arrow — symbol. For arrows in second-
order positions, we use the turnstile v, and we use named function application for the v function space. Second-
order models of STLC are described by the following derivation rules:

A:Ty A:Ty B:Ty x:TmArt:TmB

Ty : Set Tm A : Set t: Ty A= B:Ty lamx.t: Tm (A = B)

t: Tm(A = B) a: TmA s .
t-u:TmB (lamx.b) -a =b[x — a] f=lamx.f-x

Some arguments of the horizontal line function space can be implicit. Sometimes the name of the rule is written
on the right hand side of the horizontal line.

We can omit the : Ty and Tm parts and more concisely write the following without sacrificing precision (this
is always the case when there are two sorts Ty : Set, Tm : Ty — Set).

A B x:Art:B t:A=>B a:A
v A= B lamx.t: A= B t-u:B (lamx.b) -a = b[x — a] f=lamx.f-x
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Example 45 (Second-order operations in mathematics). For the integral operation, the derivation rule notation
s on the left and the second-order algebraic notation is on the right:

a:R b:R x:Rrr:R
/abtdx [:R>R—>(R—>R)—>R,

the expression /01 x% dx corresponds to [01 (Ax. x_12)

Notation 46 (Derivation trees for SOGATS). When we write derivation trees, the second-order arguments are
collected on the left hand side of the +. For example, given A : Ty and B : Ty, we derive the constant function
as follows: the verbose notation is on the left, the concise is on the right. In the concise notation we also omit
the As.

x:TmA,y: TmBrx:TmA x:A,y:Brx:A
x:TmAFrlamAdy.x: Tm(B = A) x:Arlamy.x:B= A
lamAx.lamAy.x : Tm(A = B= A) lamx.lamy.x: A= B= A

Now the leaves of the tree can be assumptions from the left hand side of the turnstile in addition to derivation
rules without arguments. The algebraic (or Coq/Agda) version of this is simply the conclusion lam Ax.lam Ay. x,
or lam (Ax.lam (y. x)) with more brackets.

Notation 47 (Abstract binding trees). Another notation for SOGAT-derivation trees is abstract binding trees
where variables are pointers to the binders which have to reachable through the path to the root. The constant
function is drawn as follows.

lam x.

;':Iam y.

X

Abstract binding tree notation has the same issue as abstract syntax trees: the restriction that trees can only be
put together in well-typed ways is not apparent.

Example 48. We define the “double” function using short derivation rule and abstract binding tree notation.

lam f.

|

lamx. ™
A=A x:Arf:A=A fiA=>Ax:Arx:A AN R
A= Ax:Arf: A=A A=A x:Arf-x: A /\
A=A x:Arf-(f-x): A X
fiA=Arlamx.f-(f-x): A= A A%
lam flamx.f-(f %) : (A= A) > A= A x f

Example 49. Function composition:

f:B=Ag:C=Bx:Crg:C=81B o Xx:Crlx: C

fiB=Ag:C=Bx:C+-f:B=A f:B=A,g:C=Bx:Cr-g-x:B
f:B=>A,g:C=B,x:Crf-(g-x):A
f:B=A,g:C=Btlamx.f-(g-x):C=> A
f:B=Arlamglamx.f-(g-x): (C=>B)=>C=A
lam f.lamg.lamx.f-(g-x): (B=A) = (C=B)=>C=>A

Example 50. We define a model of STCC (Deﬁnition@) assuming a second-order model of STLC.

Ty =Ty

TmA =TmA

t =1

A=B=A=28B

K := lam (Au. lam (Af.u))

S :=lam (ﬂf.lam(/lg.lam (/lu.f-u~(g-u))))
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The equations hold, e.g.:
KB:K-u-f =(definition of K)

((Iam (Au.lam (Af.))) u) - f=(B)

((/lu. lam (Af.u)) u) - f =(meta function application)
(tam (7. 0))) - £ ~(8)

(Af.u) f =(meta function application)
u

Exercise 51. Prove that SB holds.

Food for thought 52. Can we derive a second-order model of STLC from a model of STCC? What if we start
with a second-order model having some extra equations [AKSV23]?

Example 53. We can use derivation tree building to do informal type inference. For example, we don’t know
whether the expression
lamAx.lam Ay.lamAz.y - x - z

has a type (makes sense in a second-order model of STLC), so we try to build its derivation tree from the bottom.
Let’s say it has an arbitrary type A.

?
lam Ax.lam Ay.lamAz.y -x-z: A

As the expression starts with lam, we use its derivation rule and we learn that A = B = C for some B and C:
?
x:BrlamaylamiAzy-x-z:C
lam Ax.lam Ay.lamAz.y -x-z: B= C

We use lam again and we learn C = D = E, so we replace all occurrences of C with D = E:

?
x:B,y:DvrlamiAz.y -x-z: E
x:BrlamAdy.lamAz.y-x-z: D= E
lamAx.lam Ay.lamAz.y -x-z: B= (D = E)

We use lam again and we learn E = F = G:

o
x:B,y:D,z:Fry-x-z:G
x:B,y:Dvrlamiz.y -x-z: F=>G
x:BrlamaAylamAz.y-x-z: D = (F = G)
lam Ax.lam Ay.lamAz.y -x - z: B= (D = (F = G))

Now we can only use the derivation rule of application (-), and we introduce a new metavariable H because we
cannot read off the domain of the function from its conclusion. Recall that y-x-z=(y-x)-z.

? ?

x:B,y:D,z:Fry-x:H=G x:B,y:D,z:Frz:H
x:B,y:D,z:Fry-x-z:G
x:B,y:Dvrlamidz.y-x-z: F=G
x:BrlamAylamiAz.y -x-z: D = (F = G)
lam Ax.lam Ay.lamAz.y - x - z: B = (D = (F = G))

We first reach a leaf on the right hand side: z is to the left of the turnstile, so we learn H = F:

2
x:B,y:D,z:Fry-x:F=G x:B,y:D,z:Fvrz:F
x:B,y:D,z:Fry-x-z:G
x:B,y:Dvrlamiz.y-x-z: F=G
x:BrlamaAylamAzy-x-z: D = (F = G)
lam Ax.lam Ay.lamAz.y -x - z: B= (D = (F = G))
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On the left hand side, there is an application -, we introduce a new metavariable I:
? ?
x:B,y:D,z: Fry: I=F=G x:B,y:D,z:Frx:1I
x:B,y:D,z:Fry-x:F=G x:B,y:D,z:Fvrz:F
x:B,y:D,z:Fry-x-2:G
x:B,y:DvrlamAz.y -x-z: F =G
x:BrlamAy.lamAz.y -x-z: D = (F = G)
lamAx.lam Ay.lamAz.y -x-z: B= (D = (F = G))

The solution to the right hand side 7 forces I = B, because this is the type of x:
?
x:B,y:D,z:Fry:B=F=G x:B,y:D,z:Frx:B
x:B,y:D,z:Fry-x:F=G x:B,y:D,z:Fvrz:F
x:B,y:D,z:Fry-x-z:G
x:B,y:DrlamAz.y-x-z: F=G
x:BrlamAylamiAz.y -x-z: D = (F = G)
lam Ax.lam Ay.lamAz.y -x - z: B= (D = (F = G))

On the left hand side we learn D =B = F = G:

x:B,y:B=F=G,z:F+y:B=F=G x:B,y:B=F=G,z:F+x:B
x:B,y:B=F=G,z:Fry - x:F=G ..,z Fvrz: F
x:By:B=>F=G,z:Fry-x-z2:G
x:B,y:B=F=GvrlamAzy-x-z: F =G
x:BrlamAylamiAz.y -x-z: (B=F = G) = (F = G)
lamAx.lam Ay.lamAz.y -x-z: B= (B> F = G) = (F = G))

So the expression indeed has a type.
Exercise 54. Show that function composition (Example@) 18 associative.
Exercise 55. Show that for any A : Ty, Tm (A = A) is a monoid with function composition and identity.

Exercise 56. Show that we can define a category where objects are Ty, a morphism from A to be is Tm (A = B),
composition is function composition (a refined version of the previous exercise).

We cannot prove logical consistency just assuming a second-order model, because it might be the trivial
model. We also cannot prove equational consistency saying that there are terms a, a’ such that a = a’ — 0, but
we can get something similar: instead of obtaining a meta 0, we obtain that the second-order model is trivial:

Exercise 57. Prove that for any B : Ty we have a A : Ty and a,a’ : TmA where a = a’ implies that any
b,b’ :TmB, b=0b".

Example 58. There is a second-order model of STLC where there is an A : Ty and a,a’ : Tm A such that
a+a.

3.2 System T

The following language has a proper type of natural numbers, it does not simply inherit N from the metatheory,
like Razor did.

Definition 59 (System T). A second-order model of System T comprises the following components:
Ty : Set
Tm : Ty — Set
-= - Ty->Ty—> Ty
lam :(TMA—>TmB)==Tm(A=B): —- -

Nat Ty

zero : TmNat

suc : Tm Nat — Tm Nat

ite :TmA - (TmA —>TmA) > TmNat > TmA

NatB; :itezszero=z
NatBs :itezs (suct) = s (itezst)
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Example 60. The double function:

double : Tm (Nat = Nat)
double :=lam Ax.ite zero (1y.suc (sucy)) x

Computing the double of 2:

double - suc (suc zero) =(abbreviation)
(lam Ax.ite zero (Ay.suc (suc y)) x) - suc (suc zero) =(B)

(Ax.ite zero (2y.suc (sucy)) x) (suc (suc zero)) =(meta application)
ite zero (Ay.suc (sucy)) (suc (suc zero)) =(Natps)

(Ay.suc (sucy)) (ite zero (dy.suc (sucy)) (suc zero)) =(meta aplication)
suc (suc (ite zero (Ay.suc (sucy)) (suc zero))) =(Natps)

suc (suc ((Ay.suc (sucy)) (ite zero (dy.suc (sucy)) zero))) =(meta application)
suc (suc suc (suc (ite zero (dy.suc (sucy)) zero)))) =(Natgy)
su

(
suc ( c (suc (suc zero))))

Definition 61 (Embedding N into Tm Nat). The meta function ™ -7 : N — Tm Nat is defined as "n™ := suc” zero,
e.g. "37 = suc (suc (suc zero)).

Definition 62 (Definability). An f : N — N is definable in a second-order model of System T if there is
at: Tm(Nat = Nat) such that for all n, "fn? =t-"n". An f : N - N — N is definable if there is a
t : Tm (Nat = Nat = Nat) such that for allm, n, " fmn ' =¢t-"m™-"n".

Exercise 63. Addition, multiplication, exponentiation, the Ackermann function are definable in any second-
order model of System T.

Exercise 64. Which of the following terms define identity?

lam Ax.x

lam Ax.ite zero sucx

lam Ax.itex (1y.y) x

lam Ax.ite zero (1y.y) x
lam Ax.ite (suc zero) suc x

lam Ax.ite (suc zero) (dy.y) x
Exercise 65. Which of the following terms define the function x — 2xx+1%

lam Ax.sucx

lam Ax.suc (ite x suc x)

lam Ax.ite (sucx) sucx

lam Ax.ite (suc zero) (Ay.suc (sucy)) x
lam Ax.suc (ite zero (dy.suc (sucy)) x)

Exercise 66. Show that the predecessor function is definable (difficult).

It is not possible to define a term pred : Tm (Nat = Nat) such that pred (sucn) = n for any n : Tm Nat. [?]
For this, we would need the recursor for Nat which in its method for successor receives the natural number, not
only the result of the recursive call:

rec: TmA — (TmNat > TmA - TmA) > TmNat > TmA
reczszero =z

reczs (suct) =st(reczst)
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3.3 PCF

Definition 67 (PCF). A second-order model of PCF has two sorts (types and type-indexed terms) and the
following additional components using concise derivation rule notation:

A B x:Arb:B f:A=B a:A x:Art:A
A=B lamx.b:A=B f-a:B (lamx.b) -a=b[x > a] fixx.t: A fixx.t =[x fixx.t]
L n - Nat b : Nat t:A f:A
Nat zero : Nat sucn : Nat ifZerobt f : A ifZerozerot f =t ifZero (sucn)t f = f
n : Nat
pred n : Nat pred (sucn) =n pred zero = zero

Exercise 68. Define the iterator of natural numbers and show its computation rules.
Exercise 69. Show that every type has an element.
Exercise 70. Show equational consistency: that is, if zero = suc zero, then for all A and u,v: TmA, u=v.

Exercise 71. Show that using a second-order model of PCF, a second-order model of System T without n can
be given.

Exercise 72. Which functions do the following PCF terms define?

fix (At.Jlam Ax.x)
fix (At.lam Ax.ifZero x x x)
fix (Az.lam Ax.ifZero x x (suc zero))

fix (Az.lam Ax.ifZero x (suc zero) zero)

fix (/lt.lam Ax.ifZerox x (suc (7 - pred x)))
fix (/lt.lam Ax.ifZero x zero (suc (¢ - pred x)))

fix (Ar.lam Ax.ifZero x (suc zero) (suc (¢ - pred x)))

3.4 First-order logic

Definition 73 (Minimal intuitionistic first-order logic with natural deduction style proof theory).

A : For B : For x:Tmkr A : For t:Tm ' :Tm A : For
For : Set Tm : Set A D B : For Vx.A : For Eqtt : For Pf A : Set
p:PfA  q:PfA PfArPfB PF(ADB) PfA  x:TmrPfA Pf(W4) 1:Tm
P =q Pf(A > B) Pf B Pf (Vx.A) Pf(A[x > 1])
t-Tm x:Tmt+ A : For Pf(Eqrt’) Pf(A[x +t])
Pf(Eqtt) Pf(A[x > ']

Exercise 74. Define full intuitionistic first-order logic as a SOGAT. Add something to make it classical.

3.5 Polymorphism
Definition 75 (Hindley-Milner).

MTy :Set

Ty : Set

Tm : Ty — Set

-= —: MTy » MTy - MTy

v :(MTy - Ty) » Ty

i :MTy - Ty

lam  :(Tm(A) > Tm(iB) =Tm({(A=B)): - -
Lam  :((A:MTy) > Tm(BA)) = Tm(¥B): —e -
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Definition 76 (System F).

Ty : Set Tm : Ty — Set
-= - Ty->Ty->Ty lam : (TmMA > TmB)=Tm(A=>B): — —
v (Ty > Ty) - Ty Lam: ((X: Ty) > Tm(AX))=Tm(VA): —e —

Definition 77 (System F,).

Lam
- =

lam

: Set
: Kind — Set
— : Kind — Kind — Kind
(TyK->TyL)y=Ty(K=>L): - @ -
: Kind
: Ty x — Set
(TyK — Tyx) - Ty
(X :TyK) > Tm(AX)) = Tm(VA): —e —
—:Ty*x > Tyx - Ty=x
(TMA—->TmB)=Tm(A=B): —- —

The following definition shows that all the languages in the lambda cube [Bar91] can be given as SOGATs.
The simply typed lambda calculus (STLC) only includes I1, ., and the edges in each dimension add one of the
other three IT types, respectively. The calculus of constructions (CC) includes all four IT types.

LF .
H*,D e [ ] Fw
JUGRS
v /
—
STLC . F

We don’t give names to the maps in the universal properties.

Definition 78 (CC).

O :Set

Ty :0— Set

* .|

Tm : Ty — Set

IL. : (A: Tyx) = (TmA — Ty*) —» Ty= Tm{IL,.AB) 2(a: TmA) » Tm(Ba)
Mg :(A: Ty*) > (TmA —-0) - 0O Ty(Il,gAL) =(a:TmA) — Ty(La)
M. : (K:0) > (TyK — Ty%) — Ty= Tm(Ig.KB)=(A:TyK) - Tm(BA)
Mhg:(K:0) - (TyK - 0) - O Ty (g, KL) = (A: TyK) = Ty (L A)

3.6 Martin-Lof type theory

Definition 79 (Minimal Martin-Lof type theory (mini-MLTT)).

Ty
Tm
L

I1

lam :

: Set

: Ty — Set

: Ty

(A Ty) > (TmA - Ty) > Ty

((a:TmA) > Tm(Ba)) = Tm((I1AB): —- -



Definition 80 (Martin-Lof type theory with IT and universes).

Ty :N — Set U :(:N)—> Ty(1+iQ)
Tm : Tyi — Set ¢ :Tyi=Tm (Ui :El
I :(A:Tyi) > (TmA - Tyi) — Tyi Lift : Tyi —» Ty (1 +1)
lam: ((a: TmA) > Tm(Ba)) = Tm(IIAB): —- - mk : TmA = Tm (Lift A) : un

Definition 81 (Martin-Lof type theory with inductive types). We extend Deﬁnition with the following.

b (A Tyi) > (TmA - Tyi) » Tyi

(=,-) :(@a:TmA)XTm(Ba) = Tm (X AB) : fst,snd
L : Ty 0

exfalso : TmL—>TmA

T : Ty 0

tt :T=TmT

Bool :Ty0

true : Tm Bool

false  : TmBool

indBool : (C : Tm Bool — Tyi) —» Tm (C true) — Tm (C false) — (b : TmBool) —» Tm (C b)
BoolB; :indBool? f true =t¢
BoolB, :indBoolt f false = f

Id (A:Tyi) > TmA > TmA — Tyi
refl :(a: TmA) > Tm(ldAaa)
J (C:(x:TmA) > Tm(ldAax) - Tyi) -

Tm (Ca(refla)) - (x : TmA)(e: Tm(ldAax)) > Tm(Cxe)
Idg :JCwal(refla) =w
W (S Tyi) > (Tm S - Tyi) - Tyi
sup (s:TmS) > (Tm((Ps) > Tm(WSP)) > Tm(WSP)
indW 1 (C: Tm(WSP) = Tyd) = (((p: Tm (Ps)) = Tm (C(f p))) = Tm (C (sups ))) =

(w:Tm(WSP)) - Tm (Cw)
Wg :indWCh(sups f) = h(Ap.indW C h(f p))

3.7 Theories of signatures for (SO)(G)ATs

Theories of signatures (ToSs) are languages for describing signatures for algebraic theories. Above we defined
(SO)GATS by giving the notion of (second-order) model, signatures are a more precise language which enforces
that all operators result in a sort, strict positivity etc.

Definition 82 (AT). A second-order model of the ToS for ATs:
Ty :Set
Tm : Ty — Set
> (A Ty) > (TmMA - Ty) - Ty
Srt Ty
I1Srt : (TmSrt —» Ty) —» Ty
—+« = :Tm(IISrtB) — (x : TmSrt) > Tm (Bx)
Id  :TmSrt—> TmSrt —» Ty

A signature is an element of Ty.
For a B : Ty, we introduce the abbreviation Srt = B :=IISrt (1_. B).
Example 83. The AT of monoids (see Deﬁm’tion is given by the following signature:

2 (Srt = Srt = Srt) dop. ISrt Ax. MISrt Ay. TISrt Az.Id (op - (op -x-y) - z) (op - x - (op -y - 2)) X
T Srt Au. (TISrt Ax. Id (op - u - x) x) X (IISrt Ax. 1d (op - x - u) x)
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Exercise 84. Define the signature for the following ATs: pointed set with an endofunction (see Definition B},
untyped combinator calculus.

Definition 85 (GAT). A second-order model of the ToS for GATs:

Ty : Set

Tm Ty — Set

z (A Ty) > (TmA - Ty) > Ty
(-,):(@a:TmA)XTm(Ba) = Tm (X AB) : fst,snd
U : Ty

El :TmU — Ty

II :(a: TmU) - (Tm(Ela) » Ty) > Ty

—+— :Tm{{IIaB) — (x: Tm(Ela)) - Tm(Bx)

Id :(a: TmU) - Tm(Ela) » Tm (Ela) —» Ty

reflect : Tm(ldauv) > u=v
A signature is an element of Ty.
We will use the abbreviations A = B :=I1A(A1_.B) and AX B :=X A (1_.B).
Example 86. The GAT of preorders (see Deﬁm’tion@) is given by the following signature:

>UA0b.X
(Ob = Ob = U)AMor.
(IMTObAI.TIObAJ.TIOb AK . Mor -J - I = Mor -K -J = El (Mor - K - I))x
(TLOb ALEl (Mor - I - I))X
(IMTObAINIObAJII (Mor -J - 1) Af X1 (Mor - J - 1) Ag.\d (Mor - J - 1) f g)
Exercise 87. Define the signature for the following GATs: category, Razor, STCC.

Definition 88 (SOGAT). A second-order model of the ToS for SOGATs is a second-order model of the ToS
for GATs (Deﬁnition extended with the following components:

ut Ty
e :TmU" - TmU

(@t TmUY — (Tm (El (el* a*)) > Tm U) —TmU
lam* : ((x L El (el* a*)) — Tm (EI (bx))) = Tm (El (" a* b)) : —* -

U* is the universe of those sorts which can appear at the left hand side of an arrow in an argument of an
operator. In STLC, Ty is in U, while Tm is in U*.

Example 89. The signature for STLC (see Definition :

X UATy. X

(Ty = U*) AaTm.

EITyxZ

(Ty =Ty = EITy) Adarr.Z

(n TyAA.TITyAB. (Tm - A =" el* (Tm - B)) = El (el (Tm - (arr - A - B))))/llam.Z
(H Ty AA.XITy AB.el* (Tm - (arr - A - B)) = e* (Tm - A) = El (el* (Tm - B)))/lapp.
(n Ty AA.TITy AB.TI (Tm - A =* e* (Tm - B)) Ab.11 (e* (Tm - A)) Aa.

Id(el+(Tm~B))(app-A-B-(lam-A-B-b)-a)(b-+a))><

(H TyAA.MITyAB. 11 (Tm - (arr - A- B)) Af.

Id (eIJr (Tm - (arr-A-B)))f(lam-A~B . (Iam+/lx.app-A-B~f-x)))
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Exercise 90. Define the signature for the following SOGATs: untyped lambda calculus, System T, PCF, first-
order logic, System F, System F,, Martin-Lof type theory, ToS of ATs, ToS of GATs, ToS of SOGATs.
Carefully consider which sorts should be in U and which should be in U*.

Remark: we only showed how to define closed SOGATS, but e.g. Definition [80] is open as it refers to the
external set N. The ToS of (SO)GATs can be extended to allow open signatures, see [KX24].

4 Converting SOGATSs into GATs

As mentioned in the beginning of Section [3] second-order algebraic theories are not really algebraic, there is no
way to define morphisms of second-order models:

Example 91. A second-order model of the untyped lambda calculus consists of a Tm : Set together with
lam: (Tm > Tm)=Tm: —- —.

A morphism between second-order models M and N would be a function Tm : Tmy, — Tmpy which preserves
— - = by Tm(tps -pr apr) = Tmitpr -y Tmays, but how do we express preservation of lam? This would be an
equation such as Tm (lamys far) =lampy (Tmo fyr 0 7), but we don’t know what to put in place of the 7 which is
in Tmy — Tmy,. If we wanted to only define isomorphisms, this would work.

Instead, we translate SOGATSs to GATs and work with the resulting GAT. For GATSs, we have good notions
of morphism, dependent model, syntax, and so on, as we have seen in Section 2} That is, by a category of
models of a SOGAT, we mean the category of models of the GAT which is the result of the translation.

Food for thought 92. Actually, there are multiple different translations which end up in different notions
of models, e.g. instead of parallel substitution calculus, one can use single substitutions [KX2J|], models can
be contextual (where contexts are inductively built, which is a special case of models where certain sorts are
inductively generated), contexts can come with concatenation, and so on. For each SOGAT, there should also
be a combinatory first-order GAT, just like there is the combinatory first-order version of the SOGAT of lambda
calculus.

4.1 STLC

The idea of the translation is that we introduce a new sort of contexts which are a list of the free variables. We
index the sorts of our theory with contexts, the context index lists the possible free variables in a term. This way
we can get rid of second-order function spaces. For example, the lam : (TmA — Tm B) —» Tm (A = B) second-
order operation becomes lam : Tm (I'> A)B — TmI (A = B). That is, the Tm A dependency of the Tm B
argument of lam becomes an extra variable of type A in the context (we read I' > A as the context I' extended
with an extra free variable of type A). We also introduce a sort of substitutions with their action on terms
called instantiation. These allow expressing the 8 law in STLC: lam b -a = b a becomes lam b -a = b[id, a] where
—[—] is the instantiation operator for Tm, (id,a) is a substitution from I to I' > A which leaves I' untouched
and substitutes a for the free variable of type A. The GAT that we obtain is called an explicit substitution
calculus with parallel substitutions.
We first present and explain the result of the translation for STLC.
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Definition 93 (First-order model of STLC (optimised version), see Definition [1] and Example [89).

Con : Set -»>— :Con— Ty — Con
Sub : Con — Con — Set - — :SubAT' > TmAA —>SubA(I'>A)
-0 —:SubAI' - SubO® A —-SubOT p :Sub(I'> A) T
ass :(yod)of=yo(dob) q :Tm(I'>A)A
id :Sub ' I’ >61 tpo(y,a)=vy
idl :idoy=vy > :qly,al =a
idr  :yoid=vy >1 o= (poo,qlo])
o : Con L : Ty
€ :Sub "o - Ty->Ty-> Ty
on  :(0c:Subl'o) > o =¢€ lam :Tm(I'>A)B— TmI (A= B)
Ty  :Set lam[] : (lamb)[y] =lam (b[y o p,q])
Tm : Con — Ty — Set —+— :TmI'A=>B)>TmI'A—>TmIB
“[-]1:TmI"A—>SubAI' > TmAA [l (fra)lyl = (fIyD - (aly])
[e] :al[yod]=aly]l[d] B :lamb -a=b[id, a]
lid] :alid] =a n o f=lam(flpl-q)
Contexts (lists of types) and substitutions (context morphisms, lists of terms) form a category (Con, ..., idr)

with a terminal object (¢ is the empty context denoting no free variables, € is the empty substitution into o, of
expresses that it is unique). The sort Ty is unchanged compared to the second-order version. The sort of terms
however has an extra context-index. TmI'A is a term of type A which might have free variables which are
declared in I'. The —» — context extension operator allows us to put extra variables in a context. For example,
the context o»>t>t = « has two free variables of types ¢ and ¢ = , respectively. The sort Sub A I' is a substitution
from A to I' which means a list of I'-many terms, all in context A. For example, if I' = o> 1> ¢ = ¢, then
SubAT'=2=Tm AtXxTm A (¢ = ¢). This is ensured by the components —, —, ..., »n which can be summarised as

(po—,q[-]) :SubA(I'>A) = SubAT'XTmAA: (—, ).

Instantiation —[—] gives meaning to variables via substitutions. For example, assume a term which depends
only on a variable of type ¢ = ¢, that is, t : Tm(¢>¢ = ) A, and assume a closed term of type ¢ = ¢, that is
u:Tm o (¢t = ). Now we can substitute u into t making it closed: t[e,u] : Tm ¢ A. The rules lam[], -[] explain
how to commute instantiation and term formers, the rule »85 explains how to instantiate the last variable (De
Bruijn index 0) in the context. Further De Bruijn indices are given by weakening: 1 = q[p], 2 = q[p][p],
3 =q[p]l[p]llp]l, and so on. The rule lam[] is interesting: here y : Sub A" and b : Tm (I > A) B, so b[y] does
not make sense. We have to lift y so that we obtain a substitution which does not touch the last variable,
(yop,q) : Sub(A> A) (I'>A), and apply this under the lam.

Example 94 (Naturality of —, —). We prove that in a first-order model of STLC, (y,a) o6 = (yo§,alé]) for
any y, a and 9.

(y.a) 06 =(>n)

(po((y,a)06),al(y,a) o 6]) =(ass)

((po(y.a))o6,ql(y,a) o d])=(>B1)

(y06,q[(y,a) o 6]) =([e])
(y o é,aly,alls]) =(»B2)
(yod,ald])
Exercise 95. Prove that assuming naturality of —, — (i.e. (y,a) o6 = (y o 8,a[é])), the functor laws for Tm

(le], lid]) can be derived.

Exercise 96. Define substitutions which swap variables, duplicate variables, forget variables somewhere in the
middle of the context, i.e. elements of the following sets:

Sub(I'>A»Byv>...o B, CeDy>...0D,)(I'>C>By>...oByo A Dy>...>Dy)
Sub(I'>A» By»...0B,>Ci>...>Cp)(I'>A>By>...>B,p AvCi>...>Cp)
Sub(I'>Ae»By>...»B,)(I'>By>...>By)

Exercise 97. Lifting of y : SubAT isy' := (y o p,q). Show (yos)' = (y") o (87), id" =id, p’ o (id,q) = id.
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Example 98 (C.f. Example. In any first-order model of STLC, we havelamq : Tmo (¢ = ¢). If we write the
implicit arguments, this is lam {0} {¢} {¢} (q{o} {¢}). We can move this program into any context I' by instanti-

ating it by e {I"} : Sub I" ¢, and obtain (lamq)[€] toml] lam (q[eop,q]) "B lam q. The original and the instantiated
terms have different implicit arqguments: the right hand side lamq is actually lam {I"} {¢} {¢} (q{I'} {¢}).

Applying the identity function to some argument gives lamq - u £ qlid, u] L u.

Example 99 (C.f. Example . In any first-order model of STLC, the double function is defined as

lam (Iam (catpD - (alpD) q))) ‘Tmo (A= A) = A= A)
Exercise 100. Derive (Iam (Iam ((q[p]) ((alpD) ~q))))[e] =lam (Iam ((q[p]) - ((alp]) - q)))

Exercise 101. Derive (Iam (Iam ((q[p]) ((alp]) - q)))) cteu=t-(t-u).

4.2 The general translation

The recipe for translating a SOGAT into a GAT is the following:
e the GAT starts with a category with a terminal object,
e closed sorts become presheaves on this category,
e open sorts become dependent presheaves,

e operations become natural transformations (that is, operations indexed by contexts together with substi-
tution laws),

e equations become equations indexed by contexts,

e sorts which are in U* (which appear on the left hand side of an arrow in an operator argument) moreover
have local representability structure (that is, come with a context extension operation)

e second-order arguments become context extensions,

e [T*-applications become explicit instantiations,

e IT*-abstractions become weakenings,

e variables bound by IT*-functions become De Bruijn indices.

Here we show more examples. For the precise algorithm, see [KX24].

In Definition we used some cleverness: we knew that there are no second-order Ty-operators (no binders
in Ty, no types refer to variables), so we made Ty a closed sort. The generic algorithm does not know about
this (we might have dependent types), so the first part of the GAT will be simply the result of translating the
SOGAT signature XU ATy.Ty = U* (types and terms indexed by types where we only have term-variables):

Definition 102 (Category with family, CwF).

Con : Set [id] :A[id]=A

Sub : Con — Con — Set Tm :(I":Con) » Ty ' — Set
—0o—:SubAT" ->SubO® A —-SubOT “[-]1:TmI'A - (y:SubAT) - Tm A (A[y])
ass :(yod)of=yo(5ob) [e] :alyod]=aly][d]

id :Sub ' I [id] :alid]l=a

idl :idoy=vy > —:(I":Con) » TyI' — Con

idr  :yoid=vy — = (y:SubAT') > TmA(A[y]) - SubA(I"> A)
S : Con p :Sub(I'>A) I

€ :Sub "o q :Tm(I'>A) (Alp])

on  :(0c:Subl'o) >0 =¢€ 81 :po(y,a)=vy

Ty :Con — Set B2 :qly,a]l =a

—[-]:Tyl' ->SubAT - Ty A > o =(poo,q[o])

[e] :A[yod]=Aly][d]
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Exercise 103. Define the syntax of CwF without using quotients or QIITs. This involves proving its induction
principle.

Exercise 104 (very very long). Show that any GAT (element of Ty in the syntaz of Deﬁnition gives rise

to a CwF of models. Hint: define a first-order model of Definition where Con is CwF. For checking your
solution, see [KKA19, [Kov22).

The unoptimised first-order version of STLC is the following.

Definition 105 (First-order model of STLC (unoptimised version), see Definition and Example . We
extend CwF (Deﬁnition with the following components.

L Ty I ——:TmI'(A=>B)>TmIl'A—>TmIB
(] telyl =1 A = (f-a)lyl = (flyD - (aly])

-= Ty I['>Tyl' - Tyl B :lamb - a = b[id, a]

=[1 (A= B)lyl=(Aly]) = (BlyD n o f=lam(f[p]-q)

lam :Tm(I'>A)(B[p]) » TmI (A= B) [i[d] :alid]=a

lam[] :(lamb)[y] =lam (b[y o p,q])

The unoptimised version of STLC has more models than the optimised version, but the syntaxes are equiv-
alent.

TODO: different versions of application.

Definition 106 (First-order model of mini-MLTT, see Definition [79). We eztend CwF (Definition [103) with
the following components.

L Ty I’ —+—:TmI'(ITIAB) > (a: TmI'A) - Tm I (B[id,a])
l syl = A = (f-a)lyl = IyD - (aly]D)

II ATy D) > Ty(I'v A) > Ty I B slamb - a = b[id, a]

I[] : TAB)[y] =11 (A[y]) (B[yop.al) n o f=lam(f[p]-q)

lam :Tm(I'>A)B — TmI (IIAB) [i[d] :alid]=a

lam[] : (lam b)[y] = lam (b[y o p,q])
Exercise 107. Show that the equations -[], B, n make sense (the two sides are in the same set (meta type)).

Exercise 108 (long). What are the extra equations that we need to add to a CwF with II, £, T to obtain
something equivalent with cartesian closed categories? (CCC)

First-order logic is interesting because it has two different kinds of variables: term and proof variables, so
there are two context extensions corresponding to these (there are no formula-variables). The only optimisation
that we do is to omit equations for Pf which all hold by irr.
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Definition 109 (First-order model of minimal intuitionistic first-order logic, see Definition .

Con  :Set >TmB2 1 qTmly s Tm 1] =1

Sub : Con — Con — Set >tmf] 10 =(poo,q[o])

—o— :SubAT' >SubO® A —-SubOT ->— :ForI' - ForI' = For I

ass :(yod)ob=yo(600) o[ : (A2 B)lyl=(AlyD) > (Bly])

id :Sub ' I’ v : For (I'>1y) — For I

idl ridoy =y vII (VA [yl =Y (Aly o ptm ,Tm dTm])

idr cyoid=vy Eq :TmI—>TmI — For "

o :Con Eqll  : (Ear#)[y] = Eq(tly]) (¢ [¥])

€ :SubI'o Pf : (I' : Con) — For I' — Set

on :(o:Subl'¢e) 0o =¢€ —[-] :PfTr'A— (y:SubAT') - PfA(A[y])

For : Con — Set irr :(pq:PfI'A) - p=gq

-[-] :ForI’ ->SubATI' — ForA —veps —: (I': Con) — For I' — Con

[o] :Aly o 6] = Aly][9] —pf — :(y:SubAT) - PfA(A[y]) = Sub A (I'>ps A)
[id] cAfid] = A PPt :Sub (I'eps A) T

Tm : Con — Set qpf : P (I >ps A) (Alpps])

-[-] :TmI'-SubAT' - TmA >peB1 ippro (Y.pep) =Yy

[e] i tly o o] =t[y][d] >pf1] 10 = (ppf © 0 ,ps gpf[o7])

[id] ctlid] = ¢ intro : Pf(I'vps A) (B[pps]) — PfI" (A D B)

—>1m : Con — Con elims :PfI'(A>DB)—->PfI'A—-PfI'B

—Tm —:SubAT' 5 TmA — Sub A (I'>11) introy : Pf(I'>1y) A — PfI'(VA)

PTm :Sub (') I elimy :PfFI'(VA) - (¢t: TmI') - PfI'(Alid,tmt])
dTm :Tm (o) introgq : (#: Tm 1) — PfI'(Eqtt)

PTmB1 PTm O (¥ ,tmt) =7 elimgq : PfI'(Alid,r]) — Pf (Eqtt’) — Pf I (Alid,1'])

The syntax of monoids over A is definable without quotients, see Exercise The syntax of STLC is
definable without quotients using normal forms and proving normalisation via hereditary substitution [KAI0].
Definable quotients were studied by Nuo Li [Lil5].

Exercise 110 (long). Show that the syntax of Deﬁm'tion can be defined in Agda/Coq without quotients; we
need Pf to be in the universe of propositions to justify the only equation in (the second-order version of) this
theory.

Quotients not definable via normal forms are e.g. the syntax of untyped combinator calculus or lambda
calculus. The simplest example is unordered pairs of a given type A. There are theories where it is open
whether they are definable without quotients:

Food for thought 111. First-order logic is a theory without equations, and its first-order syntazx is definable. In
objective type theory JudBdB21)] (also called weak type theory [BW19]) there are also no equations, the equations
are expressed as elements of the |Id type. Although the second-order version of this theory does not have any
equations, it is open whether its first-order syntazx is definable without quotients.

System F is interesting because there are two different kind of variables: type and term variables.

Definition 112 (First-order model of System F, see Definition [76]). We extend CwF (Definition[103) with the
following components.

-1, : Con — Con v Ty(I'vqy) > Ty I

—,1y —:SubATI' - Ty A — Sub A (I'>byy) VII (VA =V(Alyopry .ty arl)

PTy :Sub (I'>y) I’ Lam :Tm({»y)A — TmI (VA)

ar, : Tm(I>n) (Alpry) Lam(] : (Lam a)[] = Lam (a[y © pry .7y a1 )

srBi P10 (v .1y A) = e :TmI(VA) > (B:TyI) - Tm I (Afid .1, B])
PryBe tanyly .y Al =A o[l :(zeB)[y]l=(t[y]) e (Bly])

pryp o =(py oo,y qrylo]) VB  :(Lama)e B =a[id,x, B]

VU :t=Lam ([[pTy] b qu)



In System F,,, we still have two extensions, but type variables are now indexed with their kinds, so their
context extension operation is more interesting. We could optimise the following definition such that Kind does
not depend on Con. We write the universal properties in concise form.
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Definition 113 (First-order model of System F,, see Definition [77).
Con  :Set
Sub  : Con — Con — Set
—o—- :SubAI' > SubO®A - SubOTI
ass :(yod)ob=yo(d00)

id :Sub ' I’

idl cidoy =y

idr tyoid=vy

o : Con

€ :Sub o

on (o :Subl'e) >0 =¢€

Kind : Con — Set

-[-] :KindI' - SubATI — Kind A

[o] : K[y oo] = K[y][0]

[id] :K[id] =K

Ty :(I': Con) » Ty I' — Set

—[-] :TyI'K—> (y:SubAT)— Ty A(K[y])
[o] 1 Aly o 6] = Aly][9]

[id] cAlid] = A

—>1y— (I": Con) — Kind I — Con

1y (¥ Sub AT X Ty A(K[y]) 2 SubA(I'>1y K) : (pry 0 —aty[-])
-= —:KindI' - KindI" - Kind I'

=[] (K= Dyl=K[yD) = LD

LAM Ty(I'»y K)L>TyI'(K= L)

LAMI[] : (LAM A)[y] = LAM (A[y ° p1y .1y a1y ])
-@®@- yWI'(K=L)->TyI'K—>TyIl'L
o] :(FeB)lyl=(Fly]) @(B[yD

=8 :LAMA @B =AJid,y B]

=7 : F=LAM (F[pTy] .qu)

* : Kind I

#(] D[yl =«

Tm :([:Con) » Ty I' x — Set

—[-] :TmI'A— (y:SubATI') > TmA(A[y])
[o] ralyod] =aly][d]

[id] calid] =a

“Tm— (Y :SubAT) X Tm A (A[y]) =2 Sub A (I'>tm A) : (PTm© —qTm[ - ])
v Ty(Iey K)x = Ty '

Vil (YA [yl =V (Aly o p1y o1y a19])

Lam :Tm({I'>1yK)A—=TmI' (VA)

Lam[] : (Lama)[y] = Lam (a[y o pry .1y 91y])
~e— :TmI'(VA) - (B: TyI'K) —» Tm I (A[id ,1y B])
ofl  :(reA)y]=(ly]) e (AlyD

VB : (Lama) e B = a[id ,1, B]

vn :t=Lam (t[pTy] b qu)

-= —Tyl's > TyI's > Ty I'x

=[] :(A=B)ly]l=(Aly]D = (BlyD

lam :Tm(('>tm A)B—> TmI(A = B)
lam[] : (lamb)[y] =lam (b[y © pTm ;Tm qTm])
—+—= :TmI'(A=>B)->TmIl'A—-TmIB
1 (t-a)lyl = (tlyD) - (aly])

=B :(lamb)-a =b[id,a] 31

=1 1t =lam (t[me] : qu)



Exercise 114. Check that instantiation for terms make sense (is well-typed in the metatheory).

5 Admissibility in SOGAT'Ss

It is not a bad position to define languages abstractly as SOGATSs, and then when proving properties of the
language, we have to work with its more verbose translated GAT-version. It is nice that all the substitution
rules are generated automatically, and we don’t have to worry that we missed one or wrote down one incorrectly.
However, we can do better. Some proofs about first-order models can be factored through a generic sconing
construction.
In this section, we fix the SOGAT to mini-MLTT: its second-order model is Definition [79] its first-order
model is Definition [I06

5.1 Proofs about closed syntactic terms

| denotes the first-order model of mini-MLTT.

Definition 115 (Second-order dependent model).

Ty Ty, o — Set
Tm :{A: Ty,or} > Ty A — TmjojA) — Set
L Ty (u{a})
I {A Ty (A Ty AD{B : Ty (121 A} — ({ar: Tmiog Ay —» Tm Ayar — Ty (Bi[e . ar]r)) — Ty (I A By)
lam : ((a: TmAa) — Tm(Ba) (bi[e , a]i)) = Tm (I A B) (lam, b))
—+—:Tm({IAB)fi—> (a: TmAa) » Tm(Ba) (fi 1a))
slamb-a=ba
n cf=lamada. f-a

The left hand side of 8 has type Tm (B a) (lam; b, -| a), the right hand side has type Tm (Ba) (b[€ , ai]),
which are equal by g.

Exercise 116. Similarly check that the two sides of n are in the same set.

The above dependent model only says something about closed types and closed terms. We have a general
construction to make it work for any type and term:

Definition 117 (Scone-contextualisation). Assuming a second-order dependent model, we obtain the following
first-order dependent model.

Con I := Subj o] I — Set

SubA Ty := A8 — I'(y 0 6)

doy = 20.. 5 (y6.)

id =AY Vs

o =41

TYI'A =y I'y) = Ty (Allnln)

Aly] = 6. A (v 6,)

TmI'Aar = (y«: I'y)) = Tm (Ay.) (@[n)
aly] = A0..a (yb,)

I'sA =AM a). (v« : 'y) xTm (Ay) ay
v,a = A6.. (Y 84,a6y)

p 1= A(Yer as). Vs

q = AV, ay). as

ITAB = Ay..I1 (Ay.) (da.. B (y«, a4))
lam b = Ay..lam (a.. b (y«, a.))

fa =AY [Yxays
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Example 118 (Canonicity for mini-MLTT). We define the following second-order dependent model:

Ty A :=Tmjo A} — Set

TmAa =Aaq

L =14.0

HAB :=Afi.{a): Tmo A} (a.: Aa) — Ba.(fi1a)
lamb :=b

f-a =fa

This is the canonicity proof without boilerplate. From this, we get e.q. that the set Tmy oy is empty: applying
(induction into the dependent scone-contextualisation of the canonicity second-order dependent model) on such
a t; we obtain an element of (o : o07) = Tm (tow) (f[a]) =1 — 0.

5.2 Internal languages of presheaf models of MLTT

If we say that a model of a SOGAT is a model of its first-orderification, then did the derived things in Section
[Bl made sense?

How do we know that the SOGAT — GAT translation is the correct one? One requirement is that they can
be used to build the same things: if we build something assuming a second-order model, then the corresponding
first-order thing should be also buildable using De Bruijn combinators and explicit weakenings etc. How do we
make this sure?

The derivable operations and equations of Section [3] are also derivable in the result of the translations.

5.3 Proofs about open syntactic terms

Renamings.
Internal to presheaves over renamings, we have a first-order model which we also denote I.
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