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What is the identity type?

» Per Martin-Lof:
datalda.1ype) (@ : A) : A — Type
refl : ldgaa

» Cubical Type Theory: I — A

» Observational Type Theory (OTT):
Idaxs (a0, bo) (a1, b1) := Idaag a; x Idg bg by
dataldy : N —» N — Prop
zero : |ldy zero zero
suc : Idy ngny — Idy (sucng) (sucnq)
codata ldgiream, : Streamy — Streamy — Prop
head : Idsiream, S — lda (head s) (head s”)
tail  : ldsiream, SS" — ldstream, (tails) (tails”)
Idset A B := equality of codes
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What is the identity type?

» Per Martin-Lof:
datalda.1ype) (@ : A) : A — Type
refl : ldgaa

» Cubical Type Theory: I — A

» Higher Observational Type Theory (HOTT):
Idaxs (a0, bo) (a1, b1) := Idaaga; x Idg bg by
dataldy : N —» N — Type
zero : |ldy zero zero
suc : Idy ngny — Idy (sucng) (sucnq)
codata ldsiream, : Streamy — Streamy — Type
head : Idsiream, " — lda (head s) (head s”)
tail  : ldsiream, SS" — ldstream, (tails) (tails”)
ldrype AB:=A=B
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Promises of HOTT

+

Explainable

+ Definitional univalence:
f:A—>B isEquiv(f)
univalence(f) : ldtype AB
transport,x x (univalence(f)) =f: A — B

+ Efficient

Some computation rules for higher inductive types will be typal
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Why is OTT — HOTT difficult?

Computation in OTT:

coe : (ApAq : Set) — Idget Ag A1 — Ag — A4
coe (Ag X Bp) (A1 X By) _w := (coe Ag Ay _(fstw), coe By By _(sndw))
apy : |dA dpay — |d5 (f ao) (fa1)
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Why is OTT — HOTT difficult?

Computation in HOTT:

coe : (A() Aq: Type) g IdType Apg A1 — Ag — A4
coe Ag A1 (univalence(f,e)) ag := f(ap)
apg : IdTypeAOA1 - IdType (FAo) (FA1)
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Parametricity

> abstract types algebraically:

> «a: (X :Type) —» X — X says that every type is equipped with a “set with
endofunction” algebra

> every function f : A — B is a “set with endofunction”’-homomorphism, i.e.
f(aA a) =ap (fa)

> given an agp : A, we choose f : A — A with f x := ag, then:

ap =f(apap) = aa (fao) = apao

» o: (N :Type) > N - (N — N) — N is not algebraic
> Reynolds (1983): preservation of relations:
> a:(X:Type) > X - X

> every relation R : A — B — Type is preserved: Rab — R (ap a) (agb)

> if the relation is the graph of a function: fa=b—-f(aga)=agb
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External to internal parametricity

» External parametricity: Reynolds (1983), Wadler (1989), Plotkin—Abadi (1993),
Bernardy—Jansson—Paterson (2010)

A : Type a:A
AP A — A — Type a”:APaa
(A—>B)Ffofi == (ao: A)(ar : A) > AP agar — B (fhao) (fr ay)
Type® Ag A1 := Ay — A1 — Type

» Internal parametricity: Bernardy—Moulin (2012)

ay : AP ag a4 (AxxP): (x: A) - AP xx
a2P : (AP ap 81)P82 as (ﬂX.XP)Pao ay a . (APXX)P30P31P
a,P - APF agap ao® ar as a1” ap ar (AxxPWPagayas: APP a0 ay a0 ap as a» agf 21"
31P as
a — aq ai ap — aq
al e N Wl e

ap — ao ap ap — ai 81



Theories of internal parametricity

» Bernardy—Moulin (2012, 2013): higher dimensional syntax

» Bernardy—Coquand—Moulin (2015): substructural interval

> Nuyts—Devriese (2018): simpler semantics

» Cavallo—Harper (2021): parametricity and univalence combined

» Altenkirch—Chamoun—Kaposi—Shulman (2024): first structural theory
> Mike Shulman (2024-2026): the proof assistant Narya

» Sarah Reboullet’s thesis (2025): analysis of a problem in BCM 2015

» Jem Lord (2025): internal axiomatic parametricity
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Informal Narya

A : Type a:A
AP A — A — Type a”:APaa
R:A— B — Type A - Type® Ag Aq
GelR : Type" AB Az : Ay — Ay — Type GelRab = Rab

(A—>B)Ffofy ={aga : A} > AP agay — B (fyao) (f1 a1)
(XAB)F (a0, bo) (a1, b1) = X (a2 : A® ag ay).BF az bo by
(dc.(a: Ac) = B(c,a)" cafofi = (a2 : AP crapar) — BY (ca, a0) (foao) (f1a1)
X" =x, (Ax. ) = A{xo} {x1 1xo. tP (tu)f =t"uP

ag : APP anp a1z @z a1
symapo APP dop 21 dp2 a12 sym (sym 322) = aoso

whiteboard example: polymorphic identity
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[teration — induction

dataN : Type iteyy : (A:Type) > A—> (A—>A) >N A
zero : N iteyAzszero =2z
suic :N—->N itewAzs (sucn) =s(iteyAzsn)
dataN" : Type” NN iteye : (A7 : Type” NN) — AP zero zero
zero® : NP zero zero — (AP ngny = AP (sucng) (sucny)) — N” ng ny
suc” : NP ngny — AP ng ny
— NP (sucng) (sucny) iteye A” 28 5P zero® = 2P

iteye AP 28 s (sucP nP) = s (iteye AP 2P 57 n°)
indy : (P: N — Type) —» Pzero —» (Pn — P(sucn)) » (n:N) - Pn

indyPz"sn:=

iteye (Glue (ng ny > P ng)) zP (nP - s nP) n
~——

—————

: Glue (no ny + P o) zerozero . Guue (ng ny > Png) n ny — Glue (no ny +— P ng) (sucno) (sucny)

=Pzero =Py =P (sucno)

:Glue (ngny—Png)nn = Pn 11/19



Semi-cubical types*

codataT : Type
ty : T — Type
rel: (x:T) > TP xx
codataT" : Type® TT
ty" (T - Type)  tyty
rel” : ((x: T) = TP xx)P relrel
codata TPP : (TypeP TT)P TP TP
ty"? - (T — Type)” ty ty)” ty" ty”

rel’ - (((x : T) = TP xx)P relrel)P rel® rel”
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Semi-cubical types*

codataT : Type
ty : T — Type
rel: (x:T) > TP xx
codataT" : Type® TT
ty” : 7" xox1 — Type® (ty Xo) (ty x1)
rel” - (xo : TP xo 1) — TPP x2 X2 (rel xo) (rel xq)
codata TPP : Type®? TP TP TP TP
tyP" : T X0z X12 X20 X21 — TypeP” (ty” x02) (ty" x12) (ty” x20) (ty" X21)

rel”™ : (xa2 1 T7F X0z X12 X20 X21) — T 07 X0 X22 (rel” xo2) (rel” x12) (rel” xz0) (rel” xa1)
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Fibrancy

codataisFib : Type — Type

coe - isFib® Ax fo fy — Ag — Aq

coh - (o : isFib® As fo fr) (@ : Ag) — Az ag (coefs ag)

coe™'  :isFibP Axfofy — A1 > A

coh™  :(f :isFib® Axfyfi)(ar : A1) — As (coe™' fraq) a4

id c(fo isFib® A, f, f1)(ao : Ao)(ay : A1) — isFib (A2 ap ay)

Fib := X TypeisFib

A : Type f:isFibA
fP . isFib® AP f f
coefP:A> A
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Two-dimensional Kan fillers

codataisFib : Type — Type

coe - isFib® Asfofi — Ap — A1 (also in the other direction)
coh - (> : isFib® As fo f1)(ag : Ag) — Az ag (coefs ag)
id - (fp : isFib® Ax fy 1) (ap : Ag)(as : A1) — isFib (Asap ay)

id” : (fao 1 iSFIbPP Agp foz f12 foo f21) (02 : Aoz @00 @01) (12 : A12 810 11)

— isFib” (A2 @02 a12) (id f20 @00 a10) (id f21 @1 @11)

f:isFibA ao1 ain
PP . :
fPP L isFib™" APP PP PP app: APagoaor  ar: AP ajpary a| N Jar
coe (id” f"P agz ar2) : AP ago @10 — AP ao1 ary ao0 > @10
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Identity t
CHy ype(A,f):Fib

ldas:A— A— Fib
IdA,f dpaiy = (AP dp a1, id fP ap 31)

B:A— Fib
sndoB: (a:A) —isFib(Ba)  a»:APagaj

(snd o B)P a; : isFib" (B” a) (snd (B ayp)) (snd (Bay))
transportg a, := coe ((snd o B)P ap) : fst (Bag) — fst (Bay)

Assume a : A.
(2(x : A).APax)P (a,a”) (b,e) =Z(x» : AP ab). AP a" x,a" e
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Fib closed under T, L, X, 2, II, Bool

F : Type — Type

coe :FPCyfgfy —» Cy — Cy (also in other dir.)

coh : (fg : FP Cg fo f1)(Co : Co) - Cg Co (COG f2 Co)

id :FP02f0f1 —>(Co:Co)(C1 :C1)—>F(CgCoC1)
genirip : (A : Type) - FA — isFibA

whiteboard

Lemma: =P A2 Bg €1 — (ao :Ao)(a1 : A1) i A2 doday = Bz (eo ao) (61 81).
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Fib closed under W and M

S : Type

P : S — Type

w : Type

sup :(§:S)—>(Ps—>W)->W

Indexed W-types: Non-uniform parameterised W-types:
I :Type I :Type

S :Type S :1—> Type

P :S—Type P :{i:l} - Si— Type

j {s:S}—-Ps—|

k :S—>1 k {i:l}{s:Si} > Pis—|
W /- Type W (i:1]): Type

sup:(s:S)—> ((p: Ps) > W(jp))
— Wi(ks)

sup: (s:Si) > ((p: Ps) > Wi(kp))
— W
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Univalence

is11(R:A — B — Fib) := ((a: A) — isContr ((b : B).Rab)) x
((b: B) — isContr (X(a : A).Rab))

codata isBisim (R : A — B — Fib) : Type
coe : isBismR —- A —> B (also in the other direction)
coh : (x : isBisimR)(a: A) —» Ra(coexa)

id isBisimR R2X0X1 - (l’o : Ro ap bo)(l’1 : R1 a b1) — isBisim (ag b2 = Rg as b2 0] l'1)

B
Bo 2 B
Ro,is11] Ry, is11P TR1,is11/\ GelR
Ao Aq is11 ———— isBisim FibP Ag A4
Ao R:=id

is11 (az bz > Roasbargry)
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Summary

> Narya: a proof assistant with internal parametricity
> polymorphic identity
> ijterator — induction, with definitional computation rulesa
> symmetric inductive and coinductive types
> semi-cubical types®
> higher coinductive types, fibrancy

> fibrant families come with transport
> T, 1, %, X, II, Bool, W, M fibrant
> definitional univalence

» Future:
» isFib Fib,
> pormalisation

> higher inductive types
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