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Solution
» Model of type theory — new isomorphic model with definitional substitution laws.
Examples: (IIAB)[o] =01 (A[c]) (B[oT])
(apptu)[o] = app (t[o]) (u[o])
Alwk][id, ] = A
(lamv0)[id, t] =t
tlo o 8] = t[o][6]
(o,t) 06 = (0 04,t[d])
Non-example: id = (wk, v0)
> All CwF equations except the above are definitional (strict).
» Like making comm, definitional.

» The new model can replace the old one, e.g. a substitution-strict syntax.

» We formalised gluing style canoncity for a small type theory, the Agda proof is as

beautiful as the paper one. v



Analogs of our strictification technique

» Difference lists in the Haskell Prelude:
replace [a] by [a] — [a]
xs represented by Ays. xs ++ ys

6/ 10



Analogs of our strictification technique

» Difference lists in the Haskell Prelude:
replace [a] by [a] — [a]
xs represented by Ays. xs ++ ys

> Taking a category Ob, Hom and replacing Hom(J, ) by

(a : YK.Hom(K,J) — Hom(K, 1)) such that (aKf)og=alL(fog).

6/ 10



Analogs of our strictification technique

» Difference lists in the Haskell Prelude:
replace [a] by [a] — [a]
xs represented by Ays. xs ++ ys

> Taking a category Ob, Hom and replacing Hom(J, I) by
yJ 5 yl.

The Yoneda lemma implies Hom(J,l) = yJ 5 yl.
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Inspiration for our strictification technique

» Presheaves as in HOAS, LF, 2ITT, SOGATs
> We need a strict CwFyy of presheaves.

> Pédrot’s strict presheaves (LICS 2020)

/\
F : Disc(C) — C Psh(C) + Psh(Disc(C))
K_/

|StrictPSh(C)| := (I : C — Set)
x((1:C)—> ((J:C)— C(J, 1) - IJ) — Prop)

> Also called strictification (= — =, while our method is = — =):

> right adjoint splitting (Hofmann 1994)

> left adjoint splitting, local universes (Lumsdaine—Warren 2015)
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> Given a universe closed under certain type formers, we build a CwF closed under the
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Con = Set TmIrA=(y: I —EIAy)
SubAlr=A—-1T Alo] =Aoco
Tyrr =r-u YAB =1y.Z(Ay)(1a.B(y,a))

(ZAB)[1] = 26. (A (1)) (1a.B(1 6,a)) = = (A[7]) (B[rT])

» This is a substitution-strict model (called contextualisation, standard/set/type-model).

» Internally to presheaves over a model supporting some type formers, we have a
universe closed under the same type formers.

> We take its contextualisation, then externalise (we need a strict CwFpy of presheaves).
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2024).

> Rewrite rules (Cockx TYPES 2019, Leray et al. ITP 2024).

» Local universe = — = strictification also provides some = — = (Lumsdaine-Warren
2015).

» Redefining substitution recursively (K. TYPES 2023).
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Summary

> A technique for strictifying (= — =) the substitution calculus of a model of TT.

> Intrinsic quotiented syntax is now even nicer than extrinsic syntax.

> The first computer formalisation of gluing-style canonicity for type theory.
> Problems:

> Agda and Coq hang when trying to compute with the strictified syntax.

> We lose some definitional computation rules for the eliminator of the syntax.
> Future work:

> Strictify the substitution calculus for a model of any SOGAT.
> Reusable library.

> Direct efficient proof assistant support.
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Weak CwF

Con
Sub
Ty
Tm

: Set

: Con — Con — Set

: Con — Set
:(F:Con) » TyIM — Set
:SubAlM — Sub©A — SubO ™
i (yod)ol=yo0(6500)
:Subl Ir

cidoy =1y

tyoid=vy

: Con

:Subl ¢

(o :Sublo) > o =¢€
:Tylr - SubATT - Ty A
:Aly 0 0] = Aly][d]
CAld] = A

-[-]

[e]
[id]

—p —

:TmlI A — (y:SubATlN) —

TmA(Aly])

“[el« (aly o 6]) = a[y][0]

- [id]. (alid]) = a

:(F :Con) > Tylr — Con
:(y:SubAlM) — TmA(A[y]) —

SubA (I »A)

1 (y,@) 00 =(yod,[c].(ald]))
:Sub(M>A) T

:Tm (> A) (Alp])
ipo(y,a)=vy
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Strict CwF

Con
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:q[y,al=a

cid = (p,q)
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Booleans in a weak CwF (1)

Bool Tyl

Bool[] : Bool[y] = Bool

true  : Tm/ Bool

true[] : Bool[]. (true[y]) = true

false : Tm/ Bool

false[] : Bool[]. (false[y]) = false

ind 2 (P:Ty(r>Bool)) —» Tm /[ (P[(true)]) —» Tm/I (P[{false)]) —
(b: Tm /[ Bool) —» Tm/[ (P[{b)])

ind[] : (ab). ((indPpp'b)[y]) =
ind (Bool[]. (P[y'])) (true[]. ((atrue). (p[y]))) (false[]. ((a false). (p'[¥])))

(Bool[]. (b[¥]))
BoolB; : indPpp’true = p
BoolBs : ind Ppp’ false = p’
where

a@: (u:Tml Bool) — P[()][y] = P[Bool[]. (y)][(Bool[]. (uly]))]
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Booleans in a weak CwF (i1)

au:Pu)]ly] =([e])
Pl{u) o] =
P[(id, [id]. u) o ¥] =(;0)
Plidoy, [o]. (([id]. u)[¥D] =(~-[-1] and transport)
Plid ey, [e]. ([id]. (u[¥])] =(idl)
Ply.idl ([o]. ([id]. (uly])))] =(-)
Ply. ([id] - [o] -idD). (u[¥]] =
Ply.ulyl] =
Ply, ([id] - [id]). (ulyD] =(v)
Ply, lid]. ([id]. (u[¥])] =(>B2)
Ply. lid]. (([e] - »B1). (aluly1))] =
Ply. [id]. (([e] - [] - ass - oy -idr - [id]). (q[w[yDD)]=(-)
Ply. ([e] - [o] -ass- =By -idr- [id] - [id]). (q[u[¥DD] =
Ply. ([o] - [o] -ass-»B4 -idr). (a[{w[y])D] =(-)
Ply.idr. (»B1, (ass. ([o]. ([o]. (al{w[¥D1)))))] =(idr)
Ply oid,»p1, (ass. ([o]. ([o]. (alu[¥y]YD)))] =(>p1)
Ply o (po(uly])),ass. ([e]. ([o]. (alul¥y1YD))] =(ass)
Pl(yop) o uly]). [e]. ([o]. (@l{u[¥y]D )] =(~[~] and transport)
Pl(yop)oulyl), ol (([e]l.a) [Kul¥ D] =(,0)
Pl(yop.[e]l.q) o (uly])] =
P[(y p.[o].q) o ((Bool[] - Bool[]). (u[¥]))] =(-)
PL(y op, [e]. q) o (Bool[]. (Bool[]. (u[¥])))] =((~) and transport)
P[(yop, [c].q) o Bool[]. (Bool[]. (u[y]))] =(- o — and transport)

P[(Bool[].. (v op, [°].q)) o (Bool[]. (u[¥]))] = 10



Substitution-strict booleans in a strict CwF

Bool Tyl

Bool[] : Bool[y] = Bool

true  : Tm/ Bool

true[] :true[y] = true

false : Tm/ Bool

false[] : false[y] = false

ind :(P:Ty(F»Bool)) - Tm/[ (P[({true)]) — Tm/[ (P[(false)]) —
(b:Tm/I Bool) —» Tm/ (P[{b)])

ind[] : (indPpp’b)[y] =ind (P[y']) (ply]) (&' [¥]) (bL¥])

BoolB; : indPpp’ true = p

Boolg, : ind Ppp’ false = p’
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