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Intrinsic syntax

Constructors for the inductive inductive type:

Con

: Set

: Con — Set

(I : Con) — Tyl — Set

: (I': Con) = Tyl — Con

(A Tyl — Ty (I A) — Ty T
:Tm(ILA)B — TmTl (MAB)
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Conversion relation

Constructors for the quotient inductive inductive type:

Con

: Set

: Con — Set

(I : Con) — Tyl — Set

: (I': Con) = Tyl — Con
ATyl = Ty (M, A) —» Tyl
:Tm(ILA)B — TmTl (MAB)

capp (lamt) =t
lam (appt) =t
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Eliminator

@ Non-dependent:
(Con™ : Set)(TyM : Con™ — Set) ...
o (BM : appM (lamM ) = M)
Reccon : Con — ConM
Recry : Ty — TyM (Reccon )

@ Dependent:

(Con™ : Con — Set)(TyM : ConM T — Ty — Set) ...
Elimcon : (I : Con) — Con™T
Elimy, : (A: Tyl) — TyM (Elimcon ) A
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Quotient inductive types in Agda
{-# OPTIONS --rewriting #-}

postulate
Con : Set
Ty : Con — Set
—_ (I : Con) - Ty I — Con
RecCon : Con — ConM
RecTy : Ty I — TyM (RecCon IN)

B, : RecCon ([ , A) = RecCon I ,M RecTy A

{-# REWRITE [, #-}



Relation to old-style syntax
Conjecture:

Con = ((F:Con) x I-T) /~con

(F:Con) x Tyl
= ((F:Con) x FT x (A:Ty) x T FA)/~con/~Ty
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Models formalised

For a theory with I1, a base type and a family over the
base type.

@ Non-dependent eliminator:

» standard model
» presheaf model

» setoid model
@ Dependent eliminator:

» logical predicate translation of Bernardy

» presheaf logical predicate interpretation
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Neutral terms and normal forms

n:=xlnv

vi=n|Ax.v

The intrinsically typed version:

Ne
Nf
var

app :
neu :
lam :

(I : Con) — Tyl — Set
. (I : Con) — Tyl — Set
:Var[TA— Nel A

Nel(MAB) = (v:NfT'A) — NeF(B[('_v_'>])
Nel . — Nfl .
Nf (I, A) B — Nfl' (MAB)



Normalisation

norm: (t: TmlFA) — (v:NfTA) x t="v"

stab : (v:NfTA) - norm"v'=v
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Decidability of equality

DecA=A+-A
X € {Ne, Nf}
First try:
decx : (nony : XT A) — Dec(ng = m)
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Decidability of equality

DecA=A+-A
X € {Ne, Nf}
First try:
decx : (nony : XT A) — Dec(ng = m)

Problem:

app o vo : Ne T (Bo[{"vo)])
appm vy : Nel (Bi[("v17)])
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Decidability of equality

DecA=A+-A
X € {Ne, Nf}
First try:
decx : (nony : XT A) — Dec(ng = m)

Problem:

app o vo : Ne T (Bo[{"vo)])
appm vy : Nel (Bi[("v17)])

nO:NeF(HAOBO) nl:NeI_(I'IAlBl)
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Decidability of equality

DecA=A+-A
X € {Ne, Nf}
Second try:
decx : (ng: XT Ag)(n : XT Ay)
— Dec ((q : Ag = A1) X (no =7 ny))
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Decidability of equality

DecA=A+-A
X € {Ne, Nf}
Second try:
decx : (ng: XT Ag)(n : XT Ay)
— Dec ((q c Ag = Ap) X (ng =7 nl))
Problem:
lam vo : Nf T (T A By)
lam vy : Nf T (I A; By)
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Decidability of equality

DecA=A+-A
X € {Ne, Nf}
Second try:
decx : (ng: XT Ag)(n : XT Ay)
— Dec ((q c Ag = Ap) X (ng =7 nl))
Problem:
lam vo : Nf T (T A By)
lam vy : Nf T (I A; By)

W - Nf(r,Ao) BO Vi . Nf(F,Al) Bl
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Decidability of equality

DecA=A+-A
X € {Ne, Nf}
Third try:
decx : (ng : X TgAg)(n : XT1A)
— Dec ((p:To=T1) X (q: Ay =P A1) x (ng =P m))
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Decidability of equality

DecA=A+-A
X € {Ne, Nf}
Third try:
decx : (ng: X ToAg)(n : XT1Ay)
— Dec ((p:To=T1) X (q: Ay =P A1) x (ng =P m))

Problem:

We'd need normal forms indexed by normal types.
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Bidirectional type checking

Ne: the context determines the type (type inference)
Nf: the type is an input (type checking)
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Bidirectional type checking

Ne: the context determines the type (type inference)
Nf: the type is an input (type checking)

Solution:

decNe : (n() : Neer)(nl : NeFAl)
— Dec ((q : AO Al) X (no =9 nl))
decns @ (vo vy : NfTA) — Dec (vp = wv1)
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Summary

@ Intrinsically typed syntax quotiented by conversion

@ Formalised in Agda

@ Normalisation can be proved and equality is decidable
@ Future work:

» Extend the theory with more type formers

» We used K in our metatheory. What if we don't?
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NBE for dependent types

Yoneda embedding Presheaf logical predicate
Yr : REN®P — Set Pr: Xren YT — Set
Ya:2Xren Yr — Set Pa: ZREN,Yr,YA Pr — Set
Yo Yr=>Ya P, : Ty, Pr = Pa[Y,]
Y: Yr =Y, P, : v, Pr = PalY{]

At the base type:

P t=(v:Nfl) x(t="v")
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