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Spin-off from dependently typed
combinatory logic
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Traditional presentation

Combinatory logic Lambda calculus
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Traditional presentation

Combinatory logic Lambda calculus
Tm : Set Tm : Set

K : Tm var : N - Tm
S : Tm lam : Tm - Tm

:ITm - Tm - Tm . :Tm - Tm - Tm
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Traditional presentation

Combinatory logic

Tm i Set

K : Tm

S : Tm

o+t Tm > Tm - Tm
€ : Tm-Ty-Prop

tyK : K € A=B=A

Lambda calculus

Tm : Set
var : N - Tm
lam : Tm - Tm

:Tm > Tm - Tm
F € : Con-Tm-Ty-Prop

tylam : T'A- t €B -
N+t € A=B
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Intrinsic presentation

Combinatory logic

Tm : Ty - Set
K : Tm (A=B=A)
S : Tm ((A=B=C)=
(A=B)=A=C)
~+ ¢ Tm (A-B) -
Tm A - Tm B

Lambda calculus

Tm : Con - Ty - Set
zero : Tm (I,A) A
suc :Tm I A -
Tm ([,B) A
o : Tm T (A=B)-
TmTTA-Tm T B
lam : Tm (I',B) A -

Tm ' (A=B)
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Intrinsic presentation
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Intrinsic presentation

Combinatory logic

Tm Ty
K : Tm
S : Tm
ot Tm

Tm

- Set

(A=B=A)

((A=B=C)=
(A=B)=A=C)

(A=B) -

A - Tm B

Parameterised by Ty

=

Lambda calculus

Untyped is a special case.

Tm : Con
zero : Tm
suc : Tm
Tm
o : Tm
Tm
lam 1 Tm
Tm
: Set
Ty - Ty » Ty
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From lambda terms to combinators

n X +
> >t
- X C

>.< . f-x-(g-x)
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From lambda terms to combinators

t-u
lam (lam 1)
lam (lam (lam (2:0:(1:0))))

n X
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From combinators to lambda terms

We extend the language of combinators with variables:

Tm : Con » Ty - Set
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From combinators to lambda terms
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From combinators to lambda terms

lam : Tm (ILbA) B - Tm ' (A=B)
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lam (suc x)
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lam S

lam (t-u)
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From combinators to lambda terms

lam : Tm (I,A
lam zero

lam (suc x)
lam K

lam S

lam (t-u)

B - Tm I' (A-B)
S:-K-K

| T | T | O | O | g
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From combinators to lambda terms

lam : Tm (I',A) B - Tm ' (A=B)
lam zero = S:K:K

lam (suc x) := K-x

lam K =

lam S =

lam (t-u)
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From combinators to lambda terms

lam : Tm (I',A) B - Tm ' (A=B)
lam zero = S:K:K

lam (suc x) := K-x

lam K = K:K

lam S = K:S

lam (t-u)
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From combinators to lambda terms

lam : Tm (I,A
lam zero

lam (suc x)
lam K

lam S

lam (t-u)

Tm I (A=B)
K

| T | T | O | O | g

(V2P N N N V) v e

K
X
K
S
1

+lam t-1lam u
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We add equations

Tm
K

S
KB
SB

: Ty - Set
: Tm (A=B=A)

: Tm ((A=B=C)=(A=B)=A=C)
: Tm (A=B) - Tm A -> Tm B
: Krurv =
: S-f-g-u

u
= f-u-(g-u)
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We add equations
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We add equations

Tm : Ty - Set

K : Tm (A=B=A)

S : Tm ((A=B=C)=(A=B)=A=C)
~++ Tm (A-B) > Tm A - Tm B
KB : Keurv =u

SB : S-f-gru="Ff-u-(g-u)

Typed combinatory algebra.
The (quotiented) syntax is the initial algebra.
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We add equations: calculus with variables

Tm : Con - Ty - Set

Zero

suc

K

S

KB : Krurv =u

SB : S-f-g-u=f-u-(g-u)
sucK : suc K = K

sucS : suc S =S5

suc: : suc (t-u) = suc t-suc u
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From combinators to lambda terms

lam : Tm (I, A)
lam zero
lam (suc x)
lam K

lam S

lam (t-u)
lam KpB

lam SPB

lam sucK
lam sucS
lam suc-

Tm I (A=B)
K

K
X
K
S
1

NWAXARAARAWNL

-lam t-1lam u
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From combinators to lambda terms

lam : Tm (I, A)
lam zero
lam (suc x)
lam K

lam S

lam (t-u)
lam KpB 1
lam SPB

lam sucK

lam sucS

lam suc-

Tm I (A=B)
K

K
X
K
S
1

VNV XX AXAXWD

t-lam u

- Lam
(K:u+v) = lam u

m
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From combinators to lambda terms

lam : Tm (I, A)
lam zero
lam (suc x)
lam K

lam S

lam (t-u) »lam t-1lam u

lam KpB : S-lam (K-u)-lam v = lam u
lam SPB

lam sucK

lam sucS

lam suc-

Tm I (A=B)
K

NWXXARAXARNWNDD
nxXX X1
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From combinators to lambda terms

lam : Tm (I, A)
lam zero
lam (suc x)
lam K

lam S

lam (t-u) »lam t-1lam u

lam KpB : S-(S-lam K-lam u)-lam v = lam u
lam SPB

lam sucK

lam sucS

lam suc-

Tm I (A=B)
K
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From combinators to lambda terms

lam : Tm (I,A
lam zero

lam (suc x)
lam K

lam S

lam (t-u) »lam t-1lam u

lam KpB : S (S (K-K)-lam u)-lam v = lam u
lam SPB

lam sucK

lam sucS

lam suc-

Tm I (A=B)
K

nxXX X1

| T | | O | O | g

NWAXARAARAWNL
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From combinators to lambda terms

lam : Tm (I, A)
lam zero
lam (suc x)
lam K

lam S

lam (t-u) *lam t-lam u

lam KB : S-(S-(K-K)-lam u)-lam v = lam u
lam SPB

lam sucK

lam sucS

lam suc-

Tm I (A=B)
K

| | A | T [ R |
nNnXxXX X1

(T2 0 N N N Vs v o)

We add a new equation to the theory:
lamKB : S-(S-(K-K)-t)-t' =t
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From combinators to lambda terms

lam : Tm (I,A
lam zero

lam (suc x)
lam K

lam S

lam (t-u) -lam t-1lam u

lam KpB : S (S (K-K)-lam u)-lam v = lam u
lam SPB

lam sucK

lam sucS

lam suc-

lam lamKp : lam (S-(S-(K:K)-t)-t') = lam t

Tm I (A=B)
K

nxXX X1

| T | | O | O | g

NWAXARAARAWNL
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From combinators to lambda terms

lam : Tm (I, A)
lam zero
lam (suc x)
lam K

lam S

lam (t-u) *lam t-lam u

lam KB : S-(S-(K-K)-lam u)-lam v = lam u
lam SPB

lam sucK

lam sucS

lam suc-

Tm I (A=B)
K

| | A | T [ R |
nNnXxXX X1

(T2 0 N N N Vs v o)

Point free version:
lamKB : At t' . S-(S-(K:K):t):t'" =Att'" .t
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From combinators to lambda terms

lam : Tm (I, A)
lam zero
lam (suc x)
lam K

lam S

lam (t-u) *lam t-lam u

lam KB : S-(S-(K-K)-lam u)-lam v = lam u
lam SPB

lam sucK

lam sucS

lam suc-

Tm I (A=B)
K

| | A | T [ R |
nNnXxXX X1

(T2 0 N N N Vs v o)

The As can be removed:
lamKB : S-(K:S)-(S-(K:K)) =K
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From combinators to lambda terms

lam : Tm (I, A)
lam zero
lam (suc x)
lam K

lam S

lam (t-u) *lam t-lam u

lam KB : S-(S-(K-K)-lam u)-lam v = lam u
lam SPB

lam sucK

lam sucS

lam suc-

Tm I (A=B)
K

| | A | T [ R |
nNnXxXX X1

(T2 0 N N N Vs v o)

It only holds in the empty context:
LamKB : S{o}: (K{o} S{o}) - (S{o} (K{o}:K{¢o})) = K{o}
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From combinators to lambda terms

lam : Tm (I,A
lam zero

lam (suc x)
lam K

lam S

lam (t-u) -lam t-1lam u

lam KpB : S (S (K-K)-lam u)-lam v = lam u
lam SPB

lam sucK

lam sucS

lam suc-

lam lamKp holds vacuously

Tm I (A=B)
K

nxXX X1

| T | | O | O | g

NWAXARAARAWNL
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From combinators to lambda terms

lam :

lam
lam
lam
lam
lam
lam
lam
lam
lam
lam
lam
lam
lam

Tm (I,A)
Zero
(suc x)
K

S

(t-u)
KB

SB

sucK
sucS
suc-

m r (A=B)

B
S-
K-
K-
K-

L/) :’< >< :’§ l

S:-lam t-lam u

from lamKB (NEW)
from lamSB (NEW)
refl

refl

from lamsuc: (NEW)

lamKB  holds vacuously
lamSB holds vacuously
lamsuc- holds vacuously
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Three theories

» C: combinatory logic + 3 new equations needed to define lam

» C-var: combinatory logic with variables + 3 new equations

» L: [ambda calculus

38/43



Three theories

» C: combinatory logic 4+ 3 new equations + 7
(translated point-free closed version of t = AX.t-X)

» C-var: combinatory logic with variables + 3 new equations + 7

» L: lambda calculus with 5 and 7

39/43



Three theories

» C: combinatory logic 4+ 3 new equations + 7
(translated point-free closed version of t = AX.t-X)

» C-var: combinatory logic with variables + 3 new equations + 7

» L: lambda calculus with 5 and 7

Tmc A= Tmc_\,ar o A Tmc_\,a, FrAs Tm|_ A

39/43



Three theories

» C: combinatory logic 4+ 3 new equations + 7

» C-var: combinatory logic with variables + 3 new equations + 7

» L: lambda calculus with 5 and 7

Tmc A Tmc_var oA Tm|_ o A

40/43



Three theories

» C: combinatory logic 4+ 3 new equations + 7

» C-var: combinatory logic with variables + 3 new equations + 7

» L: lambda calculus with 5 and 7

Tmc(T="A) = Tmcyao (T ="A) =Tmo(l="A) =ZTm. A

41/43



Three theories

» C: combinatory logic + 3 new equations + 7

» C-var: combinatory logic with variables + 3 new equations + 7

» L: lambda calculus with 5 and 7

Tmc (I =* A) = Tmeyaro (I =* A) = TmLo (I =* A) = Tm. T A

42/43



Three theories

» C: combinatory logic + 3 new equations + 7

» C-var: combinatory logic with variables + 3 new equations + 7
» L: lambda calculus with 5 and 7

Tmc (I =* A) = Tmeyaro (I =* A) = TmLo (I =* A) = Tm. T A

Open (?) problems in the algebraic setting.

42/43



Three theories

» C: combinatory logic + 3 new equations + 7

» C-var: combinatory logic with variables + 3 new equations + 7
» L: lambda calculus with 5 and 7
Tmc(T'="A)=Tmcyao (L ="A) =Tmo(l'="A)=Tm. T A
Open (?) problems in the algebraic setting. ~ What is...

» ...the combinatory equivalent of L without 1?

42/43



Three theories

» C: combinatory logic + 3 new equations + 7

» C-var: combinatory logic with variables + 3 new equations + 7
» L: lambda calculus with 5 and 7
Tmc(T'="A)=Tmcyao (L ="A) =Tmo(l'="A)=Tm. T A
Open (?) problems in the algebraic setting. ~ What is...
» ...the combinatory equivalent of L without 1?

» ...the lambda equivalent of C without 7?

42/43



Three theories

» C: combinatory logic + 3 new equations + 7

» C-var: combinatory logic with variables + 3 new equations + 7
» L: lambda calculus with 8 and
Tmc(T'="A)=Tmcyao (L ="A) =Tmo(l'="A)=Tm. T A
Open (?) problems in the algebraic setting. ~ What is...
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Three theories

» C: combinatory logic + 3 new equations + 7

» C-var: combinatory logic with variables + 3 new equations + 7
» L: lambda calculus with 8 and
Tmc(T'="A)=Tmcyao (L ="A) =Tmo(l'="A)=Tm. T A
Open (?) problems in the algebraic setting. ~ What is...
» ...the combinatory equivalent of L without 1?
» ...the lambda equivalent of C without 7?
» ...the lambda equivalent of C without extra equations?

> ...a dependently typed version of combinatory logic?
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Summary

» \We proved that the sets of extensional combinatory terms and
lambda terms are equal.
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Summary

>

We proved that the sets of extensional combinatory terms and
lambda terms are equal.

These are well-typed terms quotiented by conversion (QITs).
The proof is formalised in Cubical Agda.

The simply typed and untyped variants are special cases of the
general construction.

Related work:

» Textbooks: Curry-Feys-Craig 1959, Barendregt 1985,
Hindley-Seldin 2008, Bimbé 2011, ...

> Selinger 2002: The lambda calculus is algebraic

v

Hyland 2017: Classical lambda calculus in modern dress

» Castellan-Clairambault-Dybjer 2019: Categories with families:
Unityped, simply typed, dependently typed
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