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Introduction
Goal (i)

» Type Theory is a foundation of mathematics and a programming
language.

» It is based on the Curry-Howard correspondance:

proof : proposition = program : type

» Examples: —+—- :N—->N-—>N
comm : MN(x,y :N).x+y=ny+x
N U

» Homotopy Type Theory adds the univalence axiom to Type Theory:
univ: (A~ B) —» (A=y B)
The theory becomes extensional. Examples:
AX.X + zero =N_,N AX.Zero + x
N x Bool = Bool x N

m1(S") =5(A.0).isGroup(4) Z

Bool = Bool
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Introduction

Goal (ii)

» Homotopy Type Theory adds the univalence axiom to Type Theory.
» The theory becomes extensional.

e : Bool =y Bool

e := univ (not, ...)
» However, we don't know how to run certain programs:

coe: (A=yB)—-A—>B
coe(reflA)a:=a
b : Bool

b := coe etrue

» We don't know how to compute b in general.
» Our goal is to fix this:
» Define a type theory where univalence is admissible and every closed
term of type Bool computes to true or false.
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Introduction

Plan of action

» Homotopy Type Theory teaches us that equality can be described
individually for each type former, eg.:

natural numbers: (zero =y zero) ~ 1

(zero=nsucm) =~ 0

(sucm =y zero) =~ 0

(sucm=ysucn) =~ (m=yn)
pairs: ((a, b) —=AxB (a bl)) ~ (a =A a xb =B bl)
functions: (f=a588) =~ (MN(x:A).fx=pgx)
types: (A=yB) ~ (A~B)

> Let's define equality separately for each type former, as above!

» We start with Martin-Lof Type Theory without the identity type. We
define identity by recursion on the type formers as above.
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Introduction

Inspiration and structure of talk

This work is based on the following papers:
» Bernardy, Jansson, Paterson: Parametricity for dependent types, 2012

» Bernardy, Moulin: A computational interpretation of parametricity,
2012

» Bezem, Coquand, Huber: A cubical set model of type theory, 2013
Structure of talk:
Introduction
External parametricity
Internal parametricity
Homotopy Type Theory

Extra slides
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Introduction

Where do the cubes come from? (i)

v

Type dependency!

v

Dependent pairs — the equality of the second components depends on
the equality of the first components, eg.:

((m,xs) —%(i:N).Veci (n,ys)) = (Z(r - m=N n)'r F XS =Vec— ys)

v

We add a heterogeneous equality:
a:A b:B e:A=yB
ar~eb:U
r:m=gn
xs:Vecm ys:Vecn apVecr: Vecm=y Vecn

XS ~ap Vecr Y5 - U

v

But now we need to talk about equality of equalities:

p:ar~eb q:c~fd
p~2q:U
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Introduction

Where do the cubes come from? (ii)
» ...now we need to talk about equality of equalities:

p:ar~eb qg:c~fd

p~2q:U
» Picture:
c—1 4 C simplicial is not
heterogeneous
r s g m enough: £ h
m
p
a———b A——B A——B

» So we have:
e:A:UB f:C:UD g:A:UC h:B:UD mZeNgNUhf
p:a~eb q:c~fd r:ia~gc  s:b~pd
P~grmhq:U
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External parametricity

The functor —

» We define the endofunctor — on the category of contexts and
substitutions.
» Action on contexts:

0= =0
(Mx: A7~

r:,X() : A[Or],Xl : A[lr],Xg L Xo YA X1
» Action on substitutions:

0~ 0

(p,x —t)~ = (p~,x0 — t[0], x1 — t[1], x2 — t7)

» 0, 1 substitutions project out the corresponding components:

ip () =0
ra=(r,x—x):(Mx:AT=Tx:A < >

> ~4 is the heterogeneous equality for A
> t* says that t respects this equality
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External parametricity

Heterogeneous equality

» Heterogeneous equality type defined as in “Plan of action”:

FrM-A:U
(= Fra: Al0] — A[1] — U

fo ~n(xa)e i = M(xo 0 A[0], xa = A[1], x2 : x0 ~a x1).fo xo ~p i x1
parametricity: A~y B=A— B — U
HoTT (later): A~y B=A~B

» Terms respect this equality (Reynold’s abstraction theorem):

r=t:A
=k t*:t[0] ~a t[1]

(fu)" =f*ul0]u[l]u*
Ax.t)" = Axp, x1, %2 . t7

X = X2
u* =~Uu
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Internal parametricity

Homogeneous equality

» Heterogeneous equality:

FrM-A:U
(= Fra: Al0] — A[1] — U

» We need equality in the same context:

r’EFA:U
[F=a:A—>A—> U

» Therefore we define a substitution R : [ = =

Ro = () 0= 0 -
Rrxa = (Rr,x,x,reflx) : (T.x: A) = (F.x: A~ 1p < ]l?} Or
[Fa:A ]
[ refla= (a*)[Rr] : a~al[Rr] a
—_———
a=aa

> refl x is a new normal form if x is a variable.
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Internal parametricity

What is (refl x)*? (i)

Maybe we could define it just as refl x*.

(x : A)™ F (refl x)* : refl xo

= N((NA*)* X0 X1 X2 X0 X1 Xz) (refl Xo) (refl Xl)

(x: A)T Freflx™ 1 X0 ~refi (xom pexa) X2

" (X~vrefl AX)* refl x;

= ™((~px ) x0 X0 (refl xp) x1 x1 (refl x1)) X2 X2
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Higher dimensions

Internal parametricity

By iterating —, we get higher dimensional cubes. Eg. if A: U, elements

Ambrus Kaposi (University of Nottingham)

of x 1 A, (x:A)7, ((x: A)7)7, (x: A)® look like this:

X212
X221
1

X X211, X
X% 011 y 111
X21
X01 — X11 X010 X110 X121

X022 7 & xgoq %222 o — X122

X02 X22 X12 X020 X00X001 o X101
102
X0 —™X1 X00 —— X10 X000 355> X100
X2 X20 /‘ T
X220 X202

Figure : Cubes of dimension 0-3.
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Internal parametricity

What is (refl x)*? (ii)

(x : A)T F (reflx)* : refl xo ~

= (e ) X0 X150 X0 X1 52) (refl xo) (refl x7)

(X : A): Frefl x* X2 refl (xorax x1) X2

(preﬂ AX)* refl X1

= N ((~ar )* x0 x0 (refl xo) x1 x1 (refl xq)) X2 X2

refl x1 X2
Xl —m8m8M8M X1 X ——MmmMmM8M8M8M8 ™ X1
X2 (refl x)* X2 refl xo refl x* refl xq
refl xg X
X ——— X0 I —— e A Y |

If we swap the vertical and horizontal dimensions we get one from the
other.
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Internal parametricity

Swap

We define a substitution Sy : % = 2.

Visually:
X21 X12

X01 ——— X11 X10 ——— X11
SX:A

X02 X22 X12 ——————  Xx20| x22[Sx:a] |X21

X20 X02

Xp0 — X10 Xp0 — Xo1

Now we can say that

(reﬂ X)* = (X2[R])* = X22[(RX:A):] = X22[SX:ARX:A]

The last element x22[Sx.aRx:4] is a new normal form like x2[Ry.a] = refl x.
But now we can do (Sx.a)~ and ((Sx.a)™)~ etc.
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Internal parametricity

The full picture

The iterated version of — makes any context into a presheaf over the base
category of cubical sets. A context I is a presheaf C — Con.

X>—>yyr—>x . S
{x, y}
(x = x,y x,y — 0)

(x—y) (x — x) (Rr)= Rr=
x—1ly—x x— 0,y — x =
( y {X} Y ) r)

x—1( 0 x =0 1r | Rr or

This gives us a theory with internal parametricity, the new normal forms:

- —2—icn—2—i 2—im
[k b g ofSE 2S4S 2 ™ RenaRen . Rpnsa—i]
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Homotopy Type Theory

New definition of ~y
Our previous definition:

A~yB=A—B—U
is replaced with

AyB=Y-~—A3BU

cce :A—B

—

coh :M(x: A).x ~ coe® x
H

uni

c<o_e B— A

which is equivalent to A ~ B.

Now we need to provide not only ~4, but also coep, cohy etc. for each
type former. The latter correspond to first level Kan operations.
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Homotopy Type Theory

Coerce for I

We have an = F f : (M(x : A).B)[0], now coef : (M(x

ﬁ.
cohp (f(cgeAxl))

f (cgeA x1) coeg (f (cgeA x1))
coen x1 = X1
COhA X1
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Homotopy Type Theory

Coherence for 1

We need coh f : M(x : A)=.f xg ~p coeg (f(cSeA x1))-

» coep (f(cSeA x1)) BlO] —E, B[1]

fr f refl ... ‘ : :3[0]1 123{1]

H
coh
f(cgeA x1) cgeB (f(cSeA x1)) BI[0] o BI[1]
X0 2 X1 Al0] A, Al1]
r = refl x; ‘ ;. TA[0] 1 1:A[1]
coe X1 = X1 Al0] i Al1]
COhA X1
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Homotopy Type Theory

How do we get higher Kan operations?

These are just first-level Kan operations for higher types.
Xo1 X11

X00 ——— X10
X20

We have
.xo : A[0].x1 : A[1] F xo ~a x1 : U,

SO

(r:.Xo . A[O].X1 . A[].]): = (Xo ~A Xl)* . (Xoo ~A [0] XlO) ~U (X01 ~A [].] X11).
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Homotopy Type Theory
|dentity type
Non-dependent eliminator:

N-P:A—-U IFr:x=py TFu:Px
[+ transportpru: Py

We have that P respects equality:

rN-P:A—=U
I P*[Rr] : M(xo,x1: Ay x2 1 xo0 = x1).Pxo ~u Px1

And we define transport by using P*[R]:

N-P:A—=U IkFrix=ay TFHu:Px

I+ transportp ru = cge(p*[Rr]Xy,) u:Py

We can validate the dependent eliminator by also proving that singletons
are contractible.
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Extra slides

Conclusion

» A different presentation of internal parametricity showing the
connections with the cubical set model.

» Changing parametricity for the universe from relation space to
equivalence.

» This forces us to define the first level Kan operations for each type.

» Higher Kan operations are first level Kan operations for higher types.
> Not shown here:

» How to commute swaps and arbitrary substitutions (needed already for

internal parametricity).

» The universe is Kan (what is coey, cohy).

» Uniqueness conditions, how to lift them through type formers.
» Unfinished work:

» An implementation in Haskell (parametricity part nearly done)

» Swapping the universe

» How to do higher inductive types

» Definitional computation rule for the identity type
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Extra slides

Need for internal parametricity

The basic example for parametricity is the polymorphic identity function:
we would like to prove that any given function f of type M(A: U).A— A

is the identity function. Parametricity for f (denoted by t) says that f
maps related arguments to related results:

fiMN(A:U).A—= AFt:T(Ag,AL: U, Ay : Ay — A; — U).
I'I(xo . Ao,Xl . Al,XQ . A2 X0 Xl)
.Ag(onxo)(fAlxl),

and then using t and a relation Ay which relates anything to ¢ we can do:

f:MA:U)A—= AFNCc.t AA(Mx_.x = c¢)cc(refl ¢)
:M(A:U,c: A).fAc=c.
f* would be a good candidate for t, however it doesn't live in the desired
context but in the —-d context.
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Extra slides

All swaps
> In general, S, swaps the i*" and (i + 1)t dimensions.
» Normal forms (x € I'):
27K b on [T 28T 272 S 2 M RnaRrn... Rpva—i]

where n>2, m>0, k> 0.

» This is the filler of an n-dimensional cube where the last k dimensions
are degenerated, and then the given list of swaps are performed.

» What happens if we substitute with p : A = (x : A)"+2=k?

A b xon[ST 2 TS 2R ST 2T MR Ren.. Rrnva—k ]

A b xon[ST 278 2R ST 2R Rrn...p R

—2—ijen—2—i —2—im k
AFXQH[S?,—I IIS?Q Iz...S?im ! P RAkflRAkfz..RA]
» But how to commute swaps and general substitutions?
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Extra slides

Commute swaps and subsitutions

(Fx 2 A)" F xon 0 A7
(Tox - A an[SEe o]+ A*IS]

I.x:Ay ]

If Ais a /X /variable type we can explain it in terms of smaller things:
(f:M(x:A).B)"" =N(x:A)".B*[(f x)n]
We can rewrite a swapped variable of that type:
(F.F:N(x: A)B)"F  fanlSir ]
(r-expansion) = \(x : AYS ] fr[Sip ] (x)7[S1]
(new rie) = A(x  AYS o (3)"S0r ST
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Extra slides

Equivalence
X ——— Yy X ————Y A—"—B
. uncoel xy p . ~reflA | A(X)T.
refl x juncoh™ x y p uncoh™ xy p : N
uncoe® x y p refl y (refl~ (x)7)
X ——— coe’ x coe1y41>y A—— B
coh” x coh™ y
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Extra slides
|dentity type: singletons are contractible
We also show that singletons are contractible i.e. we show how to
construct the terms s and t of the following type:

lFa,b:A ThHr:a=xb

M= (s,t): (a,refl a) =5 (x.).0=nx (b, 1)
= X(s:a~alRr] b).refla~,  rx[Rr,a, b,s] r

s is constructed by filling the following incomplete square from bottom to
top:
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